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Preface. 5 

In order to study this work to advantage, the learner should solve 
every question in course, and do it cAgtbraieaUy. If he finds a ques- 
tion which he can solve as easily without the aid of algebra as with 
It, he may be assured, this is what -the author expected. If he first 
solves a question, which involves no difficulty, he will understand 
perfectly what he is about, and he will thereby be enabled to encoun- 
ter those which are difficult. 

When the learner is directed to turn back and do in a new way, 
something he has done before, let him not fail to do it, for it will be 
necessary to his future progress ; and it will be much better to trace 
the new principle in what he has done before, than to have a new ex- 
ample for it. 

The author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objection will be made to this 
treatise on algebra. But in both cases, if they art too easy, it is the 
fault of the subject, and not of the book. For in the First Lessons, 
there is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at alL As easy however as they 
are, the author believes that whoever undertakes to teach them, will 
find the intellects of his scholars more exercised in studying them, 
than in studying the most difficult treatise he can put intoT their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
author ; but when he finds it level with his capacity, he readily ea- 
gages in it. But here there is something more. The learner is re- 
quired to perform a part himself. He finds a regular part assigned 
to him, and if the teacher does his duty, the. learner must give a great 
many explanations which he does not find in the book. 
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ALGEBRA. 



Introdudion. 

The operations explained in Arithmetic are sufficient for 
the solution of all questions in numbers, that ever occur; but 
it is to be observed, that in every question there are two dis- 
tinct things to be attended to ; first, to discover, by a course 
of reasoning, what operations are necessary ; and, secondly, to 
perform those operations. The first of these, to a certain ex- 
tent, is more easily learnt than the second; but, after the 
method of performing the operations is understood, all the dif- 
ficulty in solving abstruse and complicated questions consists 
in discovering how the operations are to be applied* 

It is often difficult, and sometimes absolutelv impossible to 
discover, by the ordinary modes of reasoninff , now the fimda- 
mental operations are to be applied to the solution of questions. 
It is our purpose, in this treatise, to show how this difficulty 
may be obviated. 

It has been shown in Arithmetic, that ordinary calculations 
are very much facilitated by a set of arbitrary signs, called 
figures ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance firom another set 
of arbitranr signs. 

Some of the signs have already been explained in Arithme* 
tic ; they will here be briefly recapitulated. 

(zz:) Two horizontal lines are used to express the words 
^ are equal to^^ or any other similar expression. 

(-f-) A cross, one line being horizontal and the other per- 
pendicular, signifies '' added to.^^ It may be read and^ marei 
plusj or any similar expression ; thus, 7 ^ 5 = 12, is read 7 
and 5 are 12, or 5 added to 7 t9 e^pjudio 12, or 7 plus 5 is equal 
to 12. Plus is a Latin word signifying more, 

( — ) A horizontal line, signifies stAiraetedJram. It is some- 
times read less or minus. Jmnus is Latin, signifying less. Thus 
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14 — 6 = 8, is read 6 subtracted from 14, or 14 less 6, Or 14 
minus 6 is equal to 8. 

Observe diat the signs -|- and — affect the numbers which 
they stand immediately before, and no others. . Thus 
.14_6 + 8 = 16; andl4 + 8 — 6 = 16; 
«j,d8 — 6+14=16; and, m fine, — 6 + 8 + 14= 16. In 
an :4hese cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. 

( X ) (•) An inclined cross, or a point, is used to express 
multiplication ; thus, 5x3 = 15, or 5. 3=1 5. 

(-T-) A horizontal line, with a point above and another be- 
low it, is used to express division. Thus 15 ^ 3 =: 5, is read 

15 divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
fraction {Aritk. Art. XVI. Part IL), the divisor being made the 
denominator, and the dividend the numerator. Thus y = 5, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6 X 9 + 15 — 3 = 7 . 8— y + 14. 
l%is is read, 9 times 6 and 15 less 3 are equal to 8 times 7 less 

16 divided by 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, it is always required to 
find one or more quantities which are unknown ; these^ when 
found, are the answer to the question. It will be found ex- 
tremely usefiil to have signs to express these unknown quanti- 
ties, because it will enable us to keep the object more steadily 
and distinctly in view. We shall also be able to represent 
certain operations upon them by the aid of signs, which will 
greatly assist us in arriving at the result. 

Algebraic signs are in fact nothing else than an abridgment 
of common language, by which a long process of reasoning is 
presented at once in a single view. 

The signs generally used to express the unknown quantities 
above mentioned are some of the last letters of the alphabet, a& 
«, jr, z, &c. 
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1. 1. Two men, A and B, trade in comprnv, and ffain 267 
dollars, of which B has twice as much be A. What is me share 
of each? 

In this example the wiknown quantities are the (larticular 
shares of A and B. *• . ' 

Let 07 represent the number of dollars in A's share, theii 2x 
will represent the number of dollars in B's share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars. 

a: + 2a? = 267 
Putting all the x's together, Sx=z 267 

If 3 J7 are 267, 1 a? is | of 267 in the same manner as if 3 
oxen were worth ^267, 1 ox would be worth \ of it. 

x= 89 = A's share. 
2x= 178 = B's share. 

2. Four men. A, B, C, and D, found a purse of money con-> 
taining $325, but not agreeing about the division of it, each 
took a^ much as he could get ; A got a certain sum, B got 5 
times as much ; C,7 times as much ; and D, as much asBand 
C both. How many dollars did each get ? 

Let X represent the number of dollars that A got ; then B 
got 6 Xy C 7a?, and D (5 a? + 7a;) = 12 x. These, aidded toge- 
dier, must make $325, the whole number to be divided. 

a? + 5a? + 7 « + 12a?= 325 
Putting all the a;'s together, 25 a? = 325 

a? = 13 = A's share. 
5a? = 65=B's « 
7a?= 91=Cs « 
12a?=156 = D's " 

JVo^e. All examples of this kind in algebra admit of proof. 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work,it will be 
well for the learner always to prove his results. 

In the same manner perform the following examples. 

3. Said A to B, my horse and saddle together are worth 
$130, but the horse is worth 9 times as much as the saddle. 
What is the yalue of each ? 

4. Three men. A, B, and C, trade in company, A puts in a 
certain sum, B puts in 3 times as much, and C puts in as much 
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as A and B both ; they gain $656. What is each man's share 
of the gain? 

5. A gentleman, meeting 4 poor persons, distributed 60 
cents among them, giving the second twice, the third three 
times, and the fourm four times as much as the first. How 
many centi did he give to each ? 

6. A gentleman left 11000 crowns to be divided between 
his widow, two sons, and three daughters. He intended that 
the widt>w should receive twice the share of a son, and that 
each son should receive twice the shco-e of a daughter. Re- 
quired the share of each. 

Let X represent the share of a daughter, then 2x will repre- 
sent the share of a son, &c. 

7. Four gentlemen entered into a speculation, for which 
diev subscribed $4755, of which B paid 3 times as much as A, 
and C paid as miCch as A and B, and D paid as much as B smd 
C. What did each pay ? 

8. A man bought some oxen, some cows, and some sheep 
for j(1400 ; there were an equal number of each sort. For 
the oxen he gave $42 apiece, for the cdws $20, and for the 
sheep $8 apiece. How many were there of each sort ? 

In tins example the Unknown quantity is the number of each 
sort, but die number of each soil being the same, one charac- 
ter will express it. 

Let X denote the number of each sort. 
Then x oxen, at $42 apiece, will come to 42^7 dolls., and x 
cows, at $20 apiece, will come to 20 x dolls., andjr sheep, at 
$8 apiece, will come to 8dc; dolls. These added together must 
make the whole price. 

42a?-f-20«-|-8a? = 1400 
Putting the a?'s together, . . 70 a? = 1400 
Dividing by 70, . . * . . a? = 20 

wJnj. 20 of each sort. 

9. A man sold some calves and some dieep for $374, the 
calves at $5,. and the sheep at $7 apiece ; ^ere were three 
times as maily calves as sheep. How many were there of 
each ? 

Let X denote the number of slieep ; then ^x will denote the 
number of calves. 
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Then x dhieep, at $7 wiece,. will c<Hiie to 7 a? doHs^ and 3 x 
calveB, &^ $^ apiece, will come to 5 times 3 x dolls., that is, 
1507 doUs. 
These ^ddod together must make the whole price. 

7a?+15iF=:374 
Putting the a?'s together, 22 a? s= 374 
Dividii^ hy 22, j? = 17 = number of sheep. 

3a? = 51= " calves. 

The learner must have remarked by this time, that when a 
question is pmposed, the first thing to be done, is to find, by 
means of the unknown quantity, an expression which shall, be 
equal to a given quantity, and then from that, by arithmetical 
operations, to deduce the value of the unknown quantity. 

This expression of equality between two quantities, is called 
an equation. In the last example, 7 a? 4- 15 iT = 374 is an equa- 
iion. 

The quantity or quantities on the left of the edgn = are called 
the Jirsi member j those on the right, the second member of the 
equation. {7 x-^ 15 x) is the first member of the above equa* 
tion, and 374 is the seccmd member. 

Quantities connected by the signs 4- &nd — are called ienm^ 
7 » and 15 a? are tengeis in the above equation. 

The figure written )[>efore a letter iihowin^ how many times 

the letter is to be taken, is called the coefficient of that letter. 

in the quantities 7 a?, 1 5 a?, 22 a? ; 7, 1 5, 22, are coefficients of a?. 

- The process of JTorming an equation by the conditions of a 

question, is ctAled putting the question into an equation. 

The process by which the value of the unknown quantity is 
found, after the question is put into an equation, is called solv- 
ing <Hr redudng^fhe equation. 

No rules can be given for putting questions into equations ; 
this must be learned by practice ; but rules may be found for 
^Iviog ojioft ofthe .fiquatifi^Da tthpit leyer occmr. 

After the preceding questions were put into equation, the 
first thing was to reduce all the terms containing the uiduiowii 
quantity to one term, which was done by addmg the coeffi- 
cients. As 7 a? + 15 a? are 22 a?^ ThQU, «mce 22 a; = 374, 1 x 
must be equal to j^^ of 374. That is, 

fVhen the unknoum quantity in on^ member is reduced to one 
termy and stands equal to a known cmantity in the other j its valve is 
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fyund by dkidiag ike known quantity by the coefficient of theun- 
mourn quantity, 

10. A mail bought gome oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemons 
at 4 cents, and die pears at 3 cents ; there was an equal num- 
ber of each sort. Required the number of each. 

11. In fencing die side of a field, the length of which was 
450 yards, pvo workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. How many days did they 
work ? 

12. Three men built 780 rods of fence ; the first built 9 
rods per day, the second 7, and the third 5 ; the second work- 
ed diree times as many days as the first, and the third, twice as 
many days as the second. How many days did each work ? 

13. A man bought some oxen, some cows, and some calves 
for $348 ; the oxfen at $38 each, the cows at $18, and the 
calves at $4. There were three times as many cows as oxen, 
and twice as many calyes as cows. How many were there of 
each sort ? 

* 

14. A merchant bought a quantity of flour for $132 ; for one 
half of it he gave $5 per barrel, sold for the other half $7. 
How many barrels were tfiere in the whole ? 

, Let <r denote one half die number of barrels. 

15. From two towns, which <ure 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting ; one 
of them tra.vels at the. rate of 8, the other of 9 miles each day. 
In how many days will they pfieet i 

II. 1. A cask of wine was sold for $45, which was only | 
of what it cost. Required the cost. 
Let X denote the cost. 

Three fourths of a? may be written f x or — The latter is 

4 

preferable. 

i?=45 
4 

If =15 
4 

a? = 60 " Jln$. $60* 
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If I ^of 0? comes to 45, then — must come to i of 45, or 

4 

15, and x will be 4 timeb 15, or 60. 
A better method. 

— =45 
4 

3a?=:45x4=180 
05 = 60 

c% 

Observe, that — is the same as ^ of So?. Now if ^ of 3 or 

4 

is 45, Sx itself must be 4 times 45, or 1:60; Sop bepng 180, x 
must be ^ of 180, which is 60. 

2. A man, being asked his age, answered, thai if its half 
and its third were added to it the sum would be 88. What 
was his a^e ? 

Let 0? &note his age ; then, 

a? + ^+iL=88 
2^3 

Reducing the terms to a com- ) 6 a? ,3a? ,2 a?_QQ 
mon denominator, \ ^ ~6 ^ 

Adding them together, -ILf =88 

6 

^of 11 IT being 88,11 x will beO tunes 88,11 jr = 528 
Dividmgby 11, a? = 48 

AttM. 48 years. 

3. If I of a hogshead of wme cost ^|f65 ; what will a hogs- 
head cost at that rate ? 

4. There is a pole \ and \ under water, and 5 feet out of 
water ; what is the length of the pole.? 

Let X demote the whde length. Then —J^—J^ 5 must be 

2 3 
equal to the whole length. Hence, 



Reducing.to a common denominator. 



2^3^ 



6j? 3a? , 2a? , . 



Adding together, ^sx^H^S 

Since the two members are edual, if — be Subtracted fironi 

6 

both, they will still be equal ; hence,. 

^=5 



6 
and^ = 30 Am. 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is 10. 
Now 30 =15 + 10 + 5. 

There is anotiier mode of reducing the above equation which 
in most cases is to be preferred. It is the same in principle. 

. If both members of an equation be multiplied by the same 
number, they evidently will still be equal. 

In the equation. 

First multiply both inenibers by 2, the denoniinator of one of 
the fractions, and it becomes, 

2a: = a?+^+10. 
.3^ 

Next multiply both members by 3, the denominator of the ' 

other fraction, and it becomes, 

6^=3a? + 2a?4-30 

or6a? =5a?+^^« 
Subtracting 5 x from both members, 

jp = 30 as before. 

5. In an orchard of fruit trees^ \ of them bear apples, | of 
them pears, \ of them plums, 7 bear peaches, and 3 bear cher- 
ries ; these are all the trees in the orchard. How man^ are 
there f ' 

6. A faitner, bdns asked how many sheep he hod^ ansivier- 
edy he had them in four pastures \ in the first he had \ of them, 
in the second j^, in the third |^, and in the fourth lie had 34 
sheep. How many had he in the whole ? 

7. A person having spent \ and \ of his money, had j(26| 
left. How much money had he M first ? 

8. A man striving his geese to market, was met by another, 
who said good morrow, lAaster, with your hundred geese ; smd 
he, I have not a hundred, but if I had as many more, and half 
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as many iooBd^ jud imo eeese oni a bal^ I isjiould liave a biMi- 
dred. How many had ne ? 

9. A and B having found a bag of money, disputed about 
the division of it. A said that | and | and I ^ of die money 
made $130, and if B could tell how much money there was, he 
should have it all, otl^Qrwise none of k. How mudi mwef 
was there in the bag ? 

10. Upon measuring the com j>roduced in a field, being 96 
bushels, It appeared that it had yielded only one third part 
more ftran was sown. How much was sown ? 

11. Aman sold 96 loads of hay to two persons ; to the first 
^f and to the second | of what his stack contained. How ma- 

•iqriioads did the stack contain at first f 

12. A and B talking of their s^es, A says to B if |,|, and i 
of my age be added to my age, and 2 years more, the sum will 
-be Iwice my age. What was his age ? 

13. WJiat sum of money is that whose |, ^, and ^ part added 
toge^er amount to £9 ? 

14. The account of a' certain school is as follows : yV of the 
boys learn ^ometry, | learn grammar, yV learn aritnmetic, 
/f learn .spelling, and 9 learn to read. What is the number 
of scholars in the school f 

15. There is a fish whose head weighs 9 lb. his tail weighs 
as much as his head^md half his body, and his body weighs as 
much as his Jiead and tail both. * What is the weiriit of the 
fish.^ 

Represent iJbe weight of the body by tr. 

16. There is a fish whose head is 4 inches long, the tail is 
twice tbe kostgth of the head, added to | of the length of the 
body, And ibe body is as long as the bead and tail bo£. What 
is Ibe wbofe lestgth 9f the fish.^ 

17. A and B talking of their ages, A says to B, your age is 
twice and threefifths of my age, and the sum of our ages is 54. 
What is the age of each ? 

18. A man divided $40 between two persons ^ to the first he 
gave a certain sum, and to the second only | as much. How 
much did he give to each ? 

Let X denote the share of the first, — will denote tjbe^bfi^e 

6 

2* 
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of the secmid. These added together nrast make $40. 

V 

a? + i^=;40 
Multiplying by 5, 5 a? + 3 a? = 200 

» 

Adding together, Sx = 200 

Dividing by 8, a? = 25 == share of the first. 

^=16= " second. 
6 

19. Three persons are to share $290 in the foUowinff man- 
ner : the second is to have two thirds, and the third three fourths 
as much as the first. What is the share of each f 

20. A fanner wishes to mix 100 bushels of provebder, con- 
sisting of rye, barley, and oats, so that it may contain 4 a* 
much barley as oats, and \ as much rye as barley. How much 
of each must there be in the mixture ? 

21. Divide 40 apples between two boys in the proportion of 
3 to 2. 

The poportion 3 to 2 signifies that the second will have f 
as many as the first. 

22.' A gentleman save to 3 persons £98, The second re- 
ceived five-eightlis of die sum given to die first, and the third 
one-fifth of what the second had. What did each receive f 

23. A prize of $1280 was divided between two persons, in 
the proportion of 9 to 7. What was the share of each f 

24. Three men trading in ccmpany, put in money in the fol- 
lowing proportion ; the first 3 dollars as often as the second 7, 
and the third 5. They gain $960. What is each man's share 
of the gain? 

Observe, the second put in I of what the first put in, and the 
third put in f . 

25. Three men traded together ; die first put in $700, the 
second $450, and the third $950. They gained $420. What 
was the share of each ? 

Observe, the second put m 4f | = ^f r= -fj of what the first 
put in, &c. 
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m. 1. IVo men, A and B, hired a pasture together §oi 
^55, and A was to pay $12 more than B. What did each 
pay? 

Suppbse B paid x dollars ; A was to pay 13 doUais moie ; 
therefore he. paid x-^-l^. These put together nrast make the 
whole 55 dollars. 

a?-|-a?-f 13 = 55 
Putting the x^s together, 

2a? + 13 = 55 
It appears that 2 x is not so much as 55 by 13, therefinre tak-* 
ing 13 from 55, 

2a? = 65 — 13 
2a? = 42 
Dividing by 2, a? = 21 = B'd share. 

B's share is |21, and A's, being 13 more, is $34, 
0? + 1?= 21 + 13 = 34 = A's share. 
Procf. 34 -j- 21 = 55 the whole sum. 

2. A man bought a horse, and chaise fot $300 ; the horse 
cost $28 more than the chaise. What was the price of each f 

3. A man bequeathed his estate of $12000 to his son and 
daughter ; the son was to have $2350 more than the daughter. 
What was the share of each ? 

4. A father who has diree sons, leaves them 16000 crowns. 
The will specifies diat the eldest shall have 2000 crowns more 
than the second, and that the seccMui shall have 1000 more 
than the youngest. What is the share of each f 

Let X denote the number of crowns in the share of the 
youngest, then x + 1000 will denote the share of the second, 
and X + 1000 + 2000 will denote the share of the eldest. 
These added together must make the whole sum. 

a?-|-a? + 1000 + a?+1000-f 2000 = 1 6000 
Putting together the cr's and the numbers, 

3 a? +4000 = 16000 
It appears that 3 a; is not so much as 16000 by 4000, therefore 
subtracting 4000 from 16000, 

3 a? = 16000—4000 
3a? = 12000 
Dividing by 3, a? = 4000 = share of the youngest. 

The share of the youngest is 4000 crowns ; add to uiis lOOQ, 
it makes 5000, the share of the second, 

X + 1000 = 5000= share of the second. << 
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Add 'dMOjHDBe, "it makes ?Ciao, «Chf Am^ ef fihe ^eldest, 
4r ^ IM6H- 2a06 ss 7jOQQ7=:sfaare «f the^esft. 
Pro</. The several shares added make 16000 crowns whiok 
16 die ivbaieaEbtite. 

5. A draper t)0ughtt1iree piecesof cloflijiwhidi'togetheMnea- 
sured 159 yards ; the second piece was 15 yiatb longer than 
the first, and the third was 24 yai€s longer than the second. 
What was the length of each ? 

'6« A igenlleiBBn ibeqaealbed 4ux estate of $^6i5Q004o Jus wife, 
two sons, and three daughters. The wife was t^ have jt2000 
less than the elder iicin^.and J^OO more than the younger son; 
and the portion of each (crf* the daughters was $3500 less than 
that of the yoBJiger iron. Required the share of eaclil. 

The 1st example may be performed differently. Let .r de- 
note the numl>er of dollars p«ud by A ; B paid $1^ less, there- 
fore X — 13 will represenl the number oi dollars paid by B. 
These added together imist make the whole. 

gO'\'X — 13=55 
Putting the a?'s tpgether, 2 a? — 13 = 55 
It appears Ihat 2 ^ is more thmi 55 by 13, tfaovefbre add 13 to 
55 to make ^ ar, 

207 = 55+13 
a? = 08 
Dividing t^ ^, ;r cir 34= A's share. 

Tim gives A'-s diare |^34, firom which subtract ^l^^ and it gives 
B's share $21, m before, 

a^•<— >l3^s^^i =B's«hare. 
In itibe 'wme mcomer ^perfosm the 2d and 3d. The 4th may 
be flfiferedfin )» similar manner.. 

Let the elder flon's^ share be r^uresented by ^- Tb^ second 
son's share, being ^$2060 less, yA\ be o^— 2000. The young- 
er son's share, being ^lOOOless still, wilt be m —£000 — XOOO. 
These added together must faoake the vidiole sum. 

tt?H(- »~JOW + «?--42O0O~a0O0 = 16000 
Putting the o^'s together and the numbers together, 

3a>—n6000= 16000. 
It appears that 3 (V is more dian 16000 by 5000, therefore add 
5000 to iisooe, 

3;r.= , 16600 +J5000 
3a;:n:^»1000 
Dividing by 3, a?= 7000 
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The elder son's share is $7000, as before.- The others may 
be. eesily found from this. 

Again, let x denote the second son's shan. The elder son's* 
b^ag $2000 more, will be a? + 2000. The younger son's, 
being $1000 less, will be a? -^1000. These added together 
must make the whole. 

a: + 2000 + X + a?-— 1000 = 16000 
Putting the x's together and the numbers together, 

3 a? + 1000 =16000 

3a? = 16000— 1000 
3a7=z 15000 
xzn 5000^ 
The second son's share is $5000, as before. From this the 
rest kte easily fottud. 
Perfoitn the dth and 6th in a similar way. 

7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many yoted for each f 

8« A person emplojred 4 wotfanen ; to the first of whom he 
ffKve 2 sdiiilings more than to the second ; to tiie second 3 shil- 
Gngfif nM»e man to the third ; smd to the third 4 more dian to 
the fourth. Their wages amounted lo 32 ^llmgB. What did 
each receive ? 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and waten In it there were 15 gallbns of 
wine more than there were of brairiy, and as iraicfa water aa 
both wine and brandy. What quality was these ^eadi i 

Observe, that after the question is put into equation, the pur- 
pose is to make x stand alone in one member of the equation, 
equal to a hiown quantity in the other member, then die value 
of a? is found. In the preceding exBBq)les in this Art. x has 
been found only in the first member, but connected with'kBowa 
quantities by the signs -|- and -*. In the solution of these earn* 
tions the first ihing was to unite aR ihe x^s itUo one term^ and aU Uie 
known quantkies4n(o, (mother. Then^ tf the number vMeh stood 
oh ^ swne ^He mA x, had the sign -f* itf^>re d, Ma/ number was 
siAtt&tied fiom f&e ^thsr member of ike egtuttim ; iui if it had the 
sign «— c^^ne t^, itvfas itdded to the oQier member, 7%m the sec&ad 
mmk^ was dmded by Ae coefficient of x, and the answer tm» ob^ 




l^Sm end B began to trade with equal stocks. In «he first 
y^M^ gained « sum equal to twice hss sto^ and £27 over ; 
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B sained a sum mual to his stock and £153 over. Now the 
amount of both their gains was equal \o 5 times the stock of 
either. What was the stock f 

Let X denote the stock. Then A's gain was 2 a? -{- 27, and 
B's was x-^-lb^ These added together must make 5 times 
the stock, that is, h x, 

5a?=2ir + 27 + a?+153 
Uniting the x^% in 2d member, and the numbers, 

5a? = 3a?-fl80 
Subtracting 3 x from bodi sides, 

2a?=180 
a?= 90 

IL. A youiig man being asked his age, answered that if 
the age of his lather, which was 44 years, were added to twice 
his own, the sum would be four times his own age. What was 
his age f 

12. A man meeting scnne begears, gave each of them 4 
pence, and had 16 pence left ; if he had given diem .6 pence 
apiece, he woiUd have wanted 12 pence more for that pur- 
pose. How many beggars were there, and how much mo- 
ney had he .^^ 

Let^ re^vesent the number of beggars. 

13. A man has six sons, each of whom is 4 years older than 
lus next younger brother ; and the eldest is three times as old 
as the youngest. Required their ages. 

14. Three persons, A, B, and C, make a Joint contribution, 
which in \the whole amounts to £76, of wWch A contri* 
butes'a certain sum, B contributes as much as A and £10 
more, and C as much as A and fiboth. Required their several 
contributions. 

15. A boy, being sent to market to buy a certain: quantity 
of meat, found that if he bought beef, which was 4 pence per 

Eound, he wouk[ lay out all the money he was entrusted with ; 
ut if he bought mutton^ which was 3^ pence per pound, 
he would have 2 shillings left. How much meat was he sent 
for.? ^ 

,16. A man lying at the point of death left all his estate to 
his three sons, to be divided as fi»llows : to A he gave one half 
of the whole wuiting $500 ; to B one third ; and to C the rest, 

V 
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which waB 4^100 less than the share of B. What was the whole 
estate, and what was each son's share i 
Let X represent the idiole estate. 

A's share will be 500 

2 

B's share . . --- 

3 

C's share . . -;r- — 100 ^^ 

These together will be equal to the whole estate, which was 
represented by x, 

£._500+±+iL— 100 =;« 
2 3^3 

Uniting <r's and numbers in the first member, 

If— 660=5f 
6 6 

— is greater than — by 600, therefore 
6 6 

15=^4-600 
6 6^ 

^.= 600 



6 

cr = 3600 
The whole estate is $3600; the shares are $1300, $1200, 
and $1100, respectively. 

17. A father intends by his will, that. his three s<m8 shall 
share his property in the following manner ; the eldest is to re- 
ceive 1000 crowns less than half the whole fortune ; the 
second is to receive 800 crowras less than i of the whole ; and 
the third is to receive 600 crowns less than i of die whole. 
Required the amount of the whole fortune, and the share of 
each. 

18. A (ather leaves four sons, who share his property in the 
following manner ; die first takes 3000 livres less than one half 
the fortune ; the second, 1000 livres less than oile third of the 
whole ; the third, exacdy one fourdi ; and the fourth takes 600 
livres more than one fifth of the whole. What was the whole 
fortune, and what did each receive i 
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19. In «i mixture of copper, tin, and lead ; 1<$ U^. les^ Itf^ 
one half of the whole was copper ; 1% lU lenilba^ awe thud 
of the whole was tin, and 4 ik zniiNre than mm ftmith pf the 
whole was lead. What quastity of each wa^i ^ere in the mix- 
ture ? 

20. A general having lost a battle, found th^t he had only 
3600 men more than one half of his aimy left, fit for action ;: 
600 more than one eighth of them being wounded, and the rest, 
which amounted to one fifth of the whole army, either slain or 
taken prisoners. Of how many men did his army consist be- 
fore the battle ? 

21. Seven eighths of a certain number exceeds four fiMis of 
it by 6. What is thfU niiiabej- i 

22. A and B talking of their ages, A says to B, one third of 
my age exceeds its fewlb by 5 yec^s. What was his age f 

23. A sum of money is to be divided between two persons, 
A and B, so that as often as A takes £9, B takes £4. Now it 
happens that A receives £15 more than B» What is the share 
of each. '^ 

24. In a mixture of wine and cider, 95 gallons more than 
half the whole was wine, and 5 gallons less than one third of 
the whole was cider. How many gallons were there of each i 

IV. 1. A man having some calves and some sheep, and be- 
ing asked how many he had of each sort, answered, that he had 
20 more sheep than calves, and that three times the nunoiber of 
sheep was equal toiseven times the nuipber of calves. How 
many were theve of each ? 

Let 0? denote thj^ number of cahes. 
. Then x -^ 20 tnW denote the number of sheep. 
7 times the^tittmber of cahres is 7 a? ; 3 times the luimber of 
sheep is So? -|- 60 ; Ibr it is evident that to take 3 timeso? 4- ^0, 
it is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7a? = 3a? -f 60. 
flubteactiiig 3« fix>m both members, 

4fl? :;= 60 
0? ^ 15 = number of calves, 
fl? -|- 20 = 35 :=tQmnber of sheep. 

Am. 15 calves, and 35 sheep. 
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2. Two men talking of their a^es, the first says, your am is 
18 years more than mme, and twice your age is equal to uree 
times mine. Required the ^e of each. 

3. Three men, A, B, and C, make a joint contribution, which 
in the whole amounts to £276. A contributes a certam sum, 
B twice as much as A and £12 more, and C three times 
as much as B and £12 more. Required their several con- 
tributions. 

4. A man bought 7 oxen and 11 cows for 4|(591. For the 
oxen he gave $15 apiece more than for the cows. How much 
did he give apiece for each f 

Let X denote the price of a cow. 
Then the price of an ox will be a? + 15. 
11 cows at ^dollars apiece will come to 11 a? dollars. 
If one ox cost a? -f- 1^ dollars, 7 oxen will cost 7 times x + 
15, which is 7 J? + 105. 

The price of die oxen and of the cows added together will 
make $591, the whole price.' 

11a? + 7a?+ 105 = 591 
Uniting jc's, 18a;+105 = 591 

Subtracting 105 from both members, 

18 0? = 486 
Dividing by 18, a? = 27 = price of cows. 

a? + 15 = 42 = price of oxen. 

5. A man bought 20 pears and 7 oranges for 95 cents. For 
the oranges he gave 2 cents apiece more than for the pears. 
What did he give apiece for each ? 

6. A man bought 20 oranges and 25 lemons for $1.95. For 
the oranges he gave 3 cents apiece more than for the lemons* 
What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas, and B 52, 
before they beffin. After a certain number of games lost and 
won between mem, A rises with three times as many guineae^ 
as B. How many guineas did A win of B ? 

Let X denote the number of guineas that A won of B. 
Then A, having gained 2^ guineas, will have 76 + ^ 
B, having lost x guineas, will have only 52 — x 
A has now three times as many as B, that is, 3 times 52 — x, 
which is 156 — 3x, It is evident that both 52 and x must be 
multiplied by 3, because 52 is a number too large by x^ there- 
fore 3 times 52 will be too large hf9x, 

3 
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76 + a?= 166 — 3;p 

a;= 166 — 3«— 76 
ir-f 3a? = 156 — 7$ 
4a? = 156—76 
4a? = 80 
X z= 20 

•/Siw. 20 guineas. 
Proof. If A won 20 guineas of B, A will have 96 and B S2. 
3 times 32 are 96. 

This equation is rather more difficult to solve than any of the 
preceding. In the first place I subtract 76 fi'om both mem- 
bers, so as to remove it from the first member. Then to get 
3x out of the second member, which is there subtracted, I add 
3 07 to both members ; then the x*a are all in the first member, 
and the known numbers in the other. 

N. B. Any term which has the sign +9 either expressed or 
understood, may be removed firom one member to the other by 
giving it the sim — ; for this is the same as subtracting it fi-om 
both sides. Taus a? -|- 3 = 10 ; a; is not so much as 10 by 3, 
we therefore say a? = 10 — 3. Ajgain, 5a: = 18 + 3^. Now 
5 0? is more than 18 by 3a?, therefore we may say 5x — 3cc = 
18. 

Any term which has the sign — before it may be removed 
from one member to the other by giving it the sign -}-. This 
is equivalent to adding the number to both sides. Thus 5 x 
— 3 = 17. In this it appears that 5 a? is more than 17 by 3 ; 
therefore we say 5 a? = 17 + 3. Again, 5a? = 32 — 3a?. Here 
it appears that 5 x is not so much as 32 by 3a? ; therefore we 
soy 5x'\'3xxzS2. This is called transposition. 

Hence it appears that any term may be trawposedfrom one mem* 
ber to the other ^ care being taken to dumge the sign. 

In the last example, 76 was tran^^iosed fit>m^the first member 
to the second, and the sign changed firom + to — ; and 3 a? 
was transposed bom the second member to the first, luid the 
sign changed fi*om -r- to +. This has been done in many of 
the preceding examples. 

When a nunJber^ consisting of ttoo or more termty is to be multi- 
pliedy all the terms must be msdhpliedj and their signs preserved* In 
the last exampki 52 — x^ nmlti^ied by 3, gave a product 166 — 
3 a?. 

6. A pecscxi bought two ca^ of wine, one of which held 
exactly three times as much m the other. From each he drew 
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4 gallons, and then there were four times as ntiany gallons re>> 

msimng in the larger as in the smaller, ftow many gallons 

were there in each at first ? 
L^t X denote the nmnber of ^llons in the less dt first 
Then the nmnber of gallons m the greater will he2x. 
Taking 4 gallons fi-om each, tiie less will he x — 4 
And the greater .... 3jr-^4 
The greater is now 4 times as large as the less ; 4 times x 

— 4 is 4* — 16. 

4x—16=z3x— 4 
By transposing 16, . 4 a? = 3ac 4" 16-**4 

By transposing 3^, 4j?— 3a?= 16 — 4 
Uniting terms, a? = 13 = less. 

3 a? = 36 = greater. 
Ans. Less 12 gallons, greater 36 gallons. 
Proof. 36 is three times 12 according to the conations. 

Take 4 fi-om each, then one contains 32 and the other 8. 32 k 

4 times 8. 

9. A man when he was married was three times as old as his 
wife : after they had lived together 15 years, he was but twice 
as old. How old was each when they were married ? 

10. A former has two flocks c^ sheep, each containing the 
same number. From one of these he sells 39, and firom the 
other 93 ; and finds just twice as many remaining in the one as 
in the other* How many did each flock originally contain ? 

11. A courier, who travels 60 miles per day, had been de- 
spatched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day ; in what time will 
he overtadce the fotmer f 

12. A and B engaged in trade, A with £240, and B with 
£9^. A lost tl/me as much as B ; and upon settling their ac- 
coiHits it appeared that A had three times as nrach remaining 
as B. He^ much did eaek lose f 

Let X denote B's loss, then 96 — x will denote what he had 
remwun^. 2 ^ will denote A's los^, and 240 — 2x what he 
had remaming, dpc. 

13. Two persons began to play with equal sums of mooej ; 
the first Io0f 14 shillings, »id the other won 14 shillings, and 
then the second had twice as many shillings as the first. What 
sum had each at first ? 
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14. Says A to B, I have 5 times as much money as you; yes, 
says B, but if you will give me $11 ^ I shall have 7 times as 
much as you. How much had each f 

15. Two men, A and B, commenced trade ; A had j^500 
less than 3 times as much money as B ; A lost j^IdOO, and B 
gained $900, then B had twice as much as A. How much had 
each at first i 

16. From each of 15 coins an artist filed the value of 2 shil- 
lings, and then offered them in payment for their original value ; 
but being detected, the whole were found to be worth no more 
than $145. What was their original value f 

17. A boy had 41 apples, which he wished to divide between 
three companions, as follows ; to the second he wished to give 
twice a» many as to the first, and three apples more ; and to 
the third he wished to give three times as many as to the 
second, and 2 apples more. How many must he give to 
each i 

18. A person buys 12 pieces of cloth for 149 crowns : 2 are 
white, 3 are black, and 7 are blue. A piece of the black costs 
2 crowns more than a piece of the white, and a piece of the 
blue costs 3 crowns more than a piece of the black. Required 
the price of each kind. 

See example 4th of this Art. 

19. A man boujsht 6 barrels of flour and 4 firkins of butter ; 
he gave $2 more mr a firkin of butter, than for a barrel of flour ; 
and , the butter and flour both cost the same sum. What did 
he give for each ? 

20. A grocer sold his brandy for 25 cents a gallon more than 
his wine, and 37 eallons of his wine came to as much as 32 
gallons of his brandy. What was each per gallon ? 

21. A man bought 7 oxen and 36 cows ; he gave $18 apiece 
more. for the ox<3n than for the cows, and the cows came to 
three times as much as the oxen wanting $3. What was the 
price of each? 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. How 
many were tnere of each sort .^^ 

If he had sold 13 at 5 cents apiece, then the number sold at 
4 cents apiece would be 20 — 13, or 7. 
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In the same maimer, if he sold x oranges at 5 cents apiece, 
then he sold 20 — x oranges at 4 cents apiece, x oranges at 
5 cents apiece would come to 5 a? cents, and 20 — x oranges at. 
4 cents »piece would come to 4 times 20 — x cents, which is 
80 — 4 <r cents* 
These added together must make 90 cents, Aerefore 

6X + 80— 4a? = 90 
By transposing 80 and uniting teims, ^ is 10 at 5 cents. 

Au. 10 of each aoit. 

23« A man dying left an estate of 4^500 to be divided be- 
tween his two sons, in such a manner, that twice the elder son^s 
share should be ec^i^l to three times the share of the second. 
Requiiped the sheue of each. 
Let X denote the younger son's share. 
Then 2500 — x will denote the elder son's share. 
Twice the elder son's share is 5000 — 2 a?. 
By the Conditions, 3 a? = 5000 — 2x 
By tran^positioB, 5x^=i 5000 
Dividing by 5, x = 1000 

2500—1000 = 1500 

Jim. Elder son $1500, younger son $1000. 

24. Two robbers, after plundering a house, found they had 
35 giuneas between them ; and that if one of them had 4 gui- 
neas more, he would have twice as many as the other. How 
many had each ? 

25. A man sold 45 barrels of flour fi>r $279 ; some at $b 
and some at $S per barrel. How many barrels were there 
of each sort ? 

26. A man sold some oxen and some cow^ ibr 4^0 ; the 
whole number was 15. He sold- the cqwb fi[>r 4^17 apiece, 
and the oxen for 4^32 apiece; How many were there of 
each sort ? ^ 

27. After A had lost 10 guineas to B, he wanted only 8 
guineas in order to have as much money as B ; and together 
they had 60 guineas. What money had each at first f 

Let cr be thp number of guineas A had. 
Then 60 — 'X will be the number B had'. 
A lost 10 to B, therefore A's is diminished by 10, ^nj W^ 
increased by 10, which makes A's x — 10, and B"s 70 — x. 

3* 
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By the conditions, x — 10 + 8 = 70 — x 
Transposing and uniting, 2 a? = 72 

07 = 36 = what A had. 
60 — 36 = 24 = what B had. 

^ 28. Divide the number 197 into two such parts^that four 
times the greater may exceed five times the less by 50. 

29. Two workmen were employed together for 50 days, at 
5 shillii^s per day each. A spent 6 pence a day less than B 
did, and at the end of the 50 days he found he had saved twice 
as much as B, and the expense for two days over. What did 
each spend per day ? 

Let X denote what A spent per day (in pence). 

Then 60 — x (5s. being 60d.) will be what he saved per 
day. 

D saved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Multipljring both by 50, the number of days, 

A saved 3000 — 50 x^ and B saved 2700 — 50 x. 

By the conditions A saved 2 x more than twice what B 
saved. 

Therefore 3000 — 50 a? = 5400 — 100 a? + 2 a? 

Transposing and uniting, 48 a? = 2400 

a? = 50 = what A ^nt. 
50 4- 6 = 56 = what B spent. 

V. 1. Two persons talking of their ages, A said he was 
25 years older than B, and that one half of his age was equal 
to three times that of B wanting 35 years. What was the age 
of each? 

Let X denote the age of B. 

Then the age of A will be a? + 25. 

a? 4- 25 



2 



^ of a? -|- 25 is expressed 

' Hence we have 3a? — 35 = — X — 

2 * 

Multiplying by 2, 6 aj — 70 = a? + 25 

By transposing a? and -—70, ^* — a: =25+ 70 

Iniiting terms, 6 a? = 95 

Dividi^. by 5, a? = 19 = B's age. 

a? + 25 = 44 = A's age. 
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JVbie. Since ^ of op + 25 is 3« — 35, a? + 35 must be twice 
3a?_35. 

2. Two men talking of their hones, A says to B, my horse 
is worth $25 more than yours, and | of the value of my 
horse is equal to | of the lvalue of yours. What is the value 
of each ? 

Let X denote the value of B's horse. 
Then the value of A's will be a? -|-35. 

i of a? + 25 is ^+^^, I is 3 times as much, that is ^^ + '^^. 

5 5 

By the conditions, Sx^2x + 75 

. 4 5 

# — 

Multiplying by 5, Hi =3^ + 75 

4 

Multiplying by 4, 15 a? = 12 ^ + 300 

3a?=300 

a? =100 

.^ • Ans. A's ^125, B*s ^l6o. 

Proof. The first condition is evidently answered. With 

regard to the second, | of 125 is 75, and | of 100 is 75. 

3. Two men talking of their ages, one says, my a^e is now 
^ of yours, but in twenty years fix)m this time, if we live, it will 
be I of yours. Required the age of each. 

Suppose the age of the elder x. 

Then the younger will be — . 

4 

In 20 years the age of the elder will be a? + 20, and of the 
younger — + 20. 

By the conditions l±±H=?f + 20 

5 4 

Multiplying by 5, 4 a? + 80 = l^+ 100 

4 

Multiplying by 4, 16a? + 320 = 15a: + 400 
'''•:;j^l«''|l6«-16«=400-320 

„ a? = 80 = age of elder. 

_ =• 60 = age of younger. 
4 



4. A man being asked the value of his horse and chaise, 
answered) that the chaise was worth $50 more tha^ the 
horsey, and. that one half of the Taltie of tte horse was equal to 
on^ third of the value of the chaise. Eequired the vmue of 
each. 

5. Two persons talking of their a^s, the first says, | of my 
age is equal to ^ of yours ;. and di|9 difference of our ages is. 10 
years. What are their ages ? 

6; Tliere vste two towns situated' at unequal cBstanctis from 
Boston, and on the si^ne road. They are 30 miles apart. | 
of the distance of the secc^id from B09tao^ i» equal to ^ of 
the distance of the first. What is the distance of each fi-om 
Boston ? 

7. A man being asked the value of his horse and saddle, an- 
swered, that hiB n^se waa wovth $114 more than his saddle, 
and that | of the value of his horse was 7 times the* value of. 
his saddle. What waa the value of each ? 

8. A hare is 40 rods before a ^eyhound, but she can run 
only f as hst as the greyhound. How fiir will each of them 
run before die greyhound will overtake the hare f 

9. A gentleman paid 4 labourers j^l3§ } to the first he paid 
3 times as much as to die second wanting $4 ; to the third one 
half as much as the first, and $6 more ; and to the fourth 4 
times as much as to the third, and $5 more. How much did he 
pay to each ? 

10. A man bought some cider at ^4 per barrel, and some 
beer at $7. Tliere were 6- barrels more of the cider than of 
the beer; and | of the price of the beer was equal to i of th^ 
price of the cider. Required the number of barrels of each. 

11. Two men commenced trade together ^ t^ first put in 
£40 more than the second, and the stock of the first was to that 
of the second as 14 to 5. What was the stock of each ? 

14 to 5 signifies die aecqnd is /^ of the first. 

12. A man's age w^en he wa/i married was to tliat of his 
wife as 3 to 2 ; and when they had Ifved together 4 yeax3, his^ 
age was to hers a»T to 5. What w^«e theirs ages wB^ni they 
^ere married,.^ 

13. A and B began trade with equal sums of money. In the 
first year A grained iB40, and B lost i^O ; but in the second, 
A lost one third of what he then had, and B gained a sum less 
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by £40 than twice the sum A had lost ; when it appeared that 
B had twice as much money as A. What money did each be- 
gin with? 

Let X be the number of pounds each had at first. Then x 
4- 40 will be the sum A had at the end of the first year ; and 
X — 40 the sum B had. 

The second year A lost i of what he then had, consequently 

he saved | ; his sum will then be . ^ "^ — • 

B gained twice as much as A lost wanting £40 ; his will be 

X — 40+ J — 40. 

3 

B had now twice as much as A, 

ll±i^ = ^_40+^£±^-40. 

Multiplying by 3, 

4a? + 160=:3a?— 120 + 2a? + 80— 120. 
Transposing and uniting, 

— «= — 320.^ 
Transposing again, 320 = x, 

Ans. £320. 
Nate. In this example the result had the sign — in both 
members, but by transposing it has the sign -f-. It would 
have been the same thing if the signs had been chanj^ed with- 
out transposing. The result would have come out right if the 
first member h^d been made the second, and the second first, 
in the first equation. 

14. A person pla]ring at cards, cut the pack in such a man- 
ner, that I of what he cut oif were equal to | of theremainder^ 
How many did he cut off? 

15. Divide $183 between two men, so that ^ of what the first 
receives, shall be equal to j\ of what the second receives. 
What will be the share of each ? 

16. A man sold 20 bushels of grain, rye and wheat ; the rye 
at 5s. and the wheat at 7s. per bushel ; | of the rye came to 
as much as f of the wheat. How much was there of each f 

17. What number is that fi'om which if 5 be subtracted two 
thirds of the remainder will be 40 f 

18. A nianhas a lease for 99 years ; and being asked how 
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much of it was already estpired, answered, that two thirds of \ 
ttie time past was equal to four fifths^ of the time to come* Re- 
quired the time past, and the time to come. 

19. It is required to divide the number 50 into two audi 
parts, that three fourths of one part added to five sixths of the 
other may make 40. 

20. Two workmen received equal sums for their work ; but 
if one of them had received 18 dollars more, and the other 3 
dollars less, then | of the wa^es of the latter would have been 
equal to i of the wages of the former. How much did each 
receive f 

21. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5 ; if they had been married 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
their ages at the time of their marriage f 

VI. 1. Divide the number 68 into two such parts, that the 
difference between the sreater and 84, may be equal to three 
times the excess of 40 wove the less. 

Let X = the less. 

Then 68 — a? = the greater. 

68^-0!; must be subtracted firom 84. Observe thai 68 —^ a; 
is not so great as 68 by x. Therefore if I subtract 68 (rc^ 84, 
I shall subtract too much by the quantity x^ imd I must add x 
to obt^ the true result. 

Thea we have 84 — 68 -|- ^ for the difference between 84 
and 68 — x. 

The excess of 40 above the less is 40 — x^ and 3 times this 
is 120 — 2x. 

By the conditions, 84 — 68 + a? = 120 — 3a? 

Transposing and uniting, 4 a? = 104 

Dividing by 4, x= 26 = less. 

68 — 26= 42 = greater. 

Nate. In this question 68 — x was subtracted from 84. In- 
stead of as, now put its value, 68 — 26. Now 68 — 26 = 42, 
that is,, the number to be subtracted from 84 ia 42, and the an- 
swer roust, be 42, When 68 ie subtracted from 84, the resuh 
is 16t which is too smAll by 26, th^ value of x; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 -f 
26 = 42. This shows that we did right in adding x after sub- 
tracting 68. l^s will always be found true. Therefore, 



when any of the qmn^ki to be subiraeted Aove the itg^ — brfore 
ihem^ they must be changed to -|- in iubtraettng, ana^^e vShkh 
have -{- fnust be changea to — . 

2. A gentleman hired a labourer for 20 days on condition 
that, for eveiy day he wcvked, he riiould receive 7s., but for 
every day he was idle, he should forfeit 3s. At the end of the 
time agreed on he received 80 shillings. How'many days did 
he work, and how many days was he idle } 

Let 07 = the number of days he worked. 
Then 20 — x == the number of ^lays he was idle. 
X days, at 7s. a day, would come to 7 a? shillings, 
20 — X, at 3s. per dc^, would be 60*-> 8 :p shillings. This 
must be taken out of 7 a?. 

By the above rule 60 — 3 x, subtracted from 7 x, leaves 7 x 
— 60 -f- 3 0? ; for 60 is too much to be subtracted by 3 x. 
By the conditions, 

7 ay — 60 +3 0^ = 80. 
Transposing and uniting, 

10x=:140. 
Dividing by 10, x = 14 re days he worked. 

20 «— 07=1 6 =^ days he was idle. 

3. Two men, A and B, commenced trade ; A had twice as 
much money as B ; A gained $50, and B lost $90, then the 
difference between A's andB's money was equal to three times 
what B then had. How much did each commence with ? 

4. Two men, A and B, played together ; when they com- 
menced they had $20 between them, after a certain number 
of games, A had won $6, then the excess of A^8 money above 
B's was equal to | of B's money. How much had each when 
they commenced ? 

5. Divide the number 54 into two such parts that the less 
subtracted from the greater, shall be equal to ^e greater sub- 
tracted from three times the le^s. What are the parts ? 

6. It id required to divide the numb^ 204 into two such 
parts, that f of the less being subtracted ifrom the greater, the 
remainder will be equal to f of the greater subtracted from 
four times the less. 

Let (c = greater part 

Then 204 —a? == the lesfi part* 



36 Algebra. VI. 

* r.u 1 • 408 — 2a? 
I of the less is Z. — . • 

By the conditions, 

408 — 2cc_ Q,^ - . 3a? 
X — s = olo — 4a: — — • * 

5 7 

Multiplying by 6, 

6a. — 408+2a? = 4080— 20 a?— il^. 

7 

Multiplying by 7, 

35 a? — 2866 + 14a? = 28660 — 140 a? — 15 a?. 
Transposing and uniting, 

204 a? = 31416. 
a: = 154 
204 — a? =60 
Let a? denote the less number, and solve the question again. 
Abfe. Observe, that after multiplying by 5 in the above 
example, the signs of both terms of Uie numerator were chang- 
ed, that of 408 to -■ — , and that of 2 a? to + ; thia^as done be- 
cause it was not required to subtract so much as 408 by 2 a?. 
The change of siens could not be made before multiplying by 
d, because the sigh — before the fraction showed that the 
whole fraction was to be subtracted. If the signs of the frac- 
tion had been changed at first, it would have been necessary 
to put the sign -|- before the fraction. This requires particu- 
lar attention, because it is of great importance, and there is 
danger of forgetting it. 

7. A man bought a horse and chaise for $341. Now if | of 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if 4 of the price of 
the chaise be subtracted from three times the price of the horse. 
Required the price of each. 

8. Two men, A and B, were playing at cards ; when they 
began, A had only f as much money as B. A won df B $23 ; 
then I of B's money, subtracted from A's, would leave one 
half of what A had at first. How much had each when they 
began f 

9. A man has a horse and chaiie. The horse is worth $44 
less than the chaise. If 4 of the value of the horse be sub- 
tracted from the value of the chaise, the remainder will be the 
same as if from the value of the horse you subtract | of the ex- 
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cess of the value of the horse above 84 dollars. What is the 
value of the horse ? 

VII. The examples in this article .are intended to exercise 
the learner in putting questions into equati<Hi. They require 
no operations which have not already been explamed. It 
was remarked, that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. 

Take the unkncum quantity , and perform the same operatimu an 
it, thai it would be necessary to perform on the answer to see ^ it 
nvfiu right. When this is done the question is in equation. 

1. A and B, being at play, severally cut packs of cards so as 
to take off more than they left. Now it happened that A cut 
off twice as many as B len, and B cut off seven times as many 
as A left. How were the cards cut ? 

Let X = the number B left. 

Then 2 a? = the number A cut off. 

62 — a? = the number B cut off. 

62 — 2 07 = the number A left. 
By the conditions, 7 times 62«r-2 x are equal to 62 — x. 

364 — 14 a? =62 — a?. 

Take the numbers of the answer and endeavour to prove that 
they are right, and you will see that you take the same course 
as above. 

2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 6 shillings. At how many deals 
did he win r 

Let a? = the number of deals he won. 

Then 20 — x=. the number of deals he lost. 

Every time he won, be won 2 shillings ; that will be 2 a? 
shillings. 

Every loss was 3 shillings ; that will be 3 times 20 — a?, or 
60— 3a?. 

• 

The loss must be taken from the gain, and he will have 6 
shillings left. 

2a? — 60 + 3a? =6. 

3. What two numbers are to each other as 2 to 3 ; to each 
of which, if 4 be added, the sums will be as 6 to 7. 

4 
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Let xs=. the Imft number. 
Then _= the second. 

Adding 4 to each, they become 2; -f* 4, and -^^ 4* 

The first is now f of the second, or the second is | of the 

first. 

7a: + 28 3a? , . 
! = — + 4. 

4. A sum of money was divided between two persons, A and 
B, so that the share of A was to that of B as 5 to 3. Now A's 
share exceeded f of the whole sum by $50. What was the 
share of each person f 

Let X = A's share. 

Then ?5=B's share. 

6 

a? + — = whole sum. 
6 

f*vr <« J ^x-bx, 15 a? ^^Sa?. x 
01 a: + — IS — + » w — + — 
^5 945' 9^3 

By the conditions, 

a? = ^+—+50. 
9^3- 

5. The joint stock of two partners, whose particplar shares 
differed by 48 dollars, was to the lesser as 14 to 5. Required 
the shares. 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay ^ cent per pound more 
than those, who had the fore quarters. A and B had the hind 
quarters, and D the fore quarters. A's quarter weighed 158 
lb., B's 163 lb., C's 167 lb., and D's 165 lb. What was 
each per lb., and what did each man pay f 

7. A certain person has two silver cups, and only one cover 
for both. The first cup weighs 12 oz. If the first cup be co- 
vered it weighs twice as much as the other cup, but if the se- 
cond be covered it weighs three times as much as the firsts 
What is the weight of the cover,and of the second cup i 
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Let X 2= weight of the cover. 

Then 12«^« =: weight of the first cup covered. 

And 6 +— =r weight of the second cnp, &c. 

8. Some persons agreed to give 6d. each to a waterman for 
carrying them trom London to Gravesend ; but with this con- 
dition, that^r every other person taken in by the way, three 
pence should be abated in their joint fere. Now the waterman 
took in three iDote than a fourth part of the number of the first 
passengers, in consideration of which he took of them but 5d. 
each. How many perscms were there at first f 

Let x =r the number of passengers at first. 

Then — + 3 = the number taken in, &c. 

4 

9. Four places are situated in the order of the four letters, 
A, B, C, D. The distance icom A to D is 134 miles, the dis- 
tance fiom A to B is to the distance firom C to D, as 3 to 2, and 
one fourth of the distance fi'om A to B, added to half the dis- 
tance fi'om C to D, is three times the distance firom B to C. 
What are the respective distances f 

10. A field of wheat and oats, which contained 20 acres, 
was put out to a labourer to reap for $20 ;*the wheat at $1.20 
and the oats $0*95 per acre. Now the labourer falling ill reap- 
ed only the wheat. How much money ought he to receive ac- 
cording to the bargain ? 

11. Three. men, A, B, and C, entered into partnership ; A 
paid in as much as B and one diird of C ; B paid as much as 
C and one third of A ; ^sod C paid in $10 and one third of A. 
What did each pay in f 

Let a? = the sum A contributed. 
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Then ^ 4- 10 = 
3 ^ 

and -i + 10 + £. = " B « ifec. 
3 ^ ^ 3 

12. A gentleman gave in charity £46 ; a part of it in equal 

portions to 5 poor men, and the rest in equal portions to 7 poor 

women* Now the share of a man and a woman together 

amounted to £,Q. What was given to the men, and what to 

the women ? 



40 Algdyra. VD. 

Let X = the sum a man received. - 

Then 8 — a? = the sum a woman received, &c. 

13. Suppose that for every 10 sheep a fiirmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep. How many sheep may that person 
keep who farms 700 acres ? 

Let X == the whoje number of sheep. 

The number of acres ploughed will be tV ^^ ^^ number of 
sheep ; and the number of acres of the pasture will be ^ of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and C make a joint stock ; A puts in $70 more 
than B, and $90 less than C ; and the sum of the shares of A 
and B is J* of the sum of the shares of B and C. What did 
each put in .'* 

Let X = the sum that B put in, &c. 

15. Divide the number 85 into two such parts that if the 
greater be increased by 7 ancl the less be dimmishedby 8, they 
will be to each ot^ier in the proportion of 5 to 2. 

16. It is required to divide the number 67 into two such parts 
that the difference between the greater and 75 may be to the 
excess of the less oyer 12 in the proportion of 8 to 3. 

17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemons and a pound of sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 

Let 0? = the price of the sugar. 

Then 56 — a? = the price of 12 lentous. 

And = the price of 1 lemon. 

12 '^ 

In the same manner, 

— ZZ— = the price of a lemon* ^ 

18 ^ 

Hence !^Zlf = !i=:f,&c. 
12 18 

18. A man bought 5 oranges and 7 lemons for 58 ^ents ; af- 
terwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an orange, aind of a 
lemon ? 
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Let 0? =s the pnce of an orange. 

Then = the price of a lemon by the first c6ndi« 

7 

ti<m, &c. 

19. A foptman, who contracted for $72 a year and aiivery 
suit, was turned away at the end of 7 months, and received 
only ^32 and the lirery. What was the value of the livery ? 

20. A landlord let his'&rm for £10 a year in money and a 
certain number of bushels of tK)m. When com sold at 10s. a 
bushel, he received at the rate of 10s. an acre for his land ; but 
when it sold for 13s. 6d. a bushel, he i-eceived 13s. an acre. 
How many bushels of com did he receive f 

Let 2? = the number of bushels. 

Then 10 ac-^ 200 = the year's rent in shillings ; 

10j?+200 =: ^ j. 20 = the number of acres. 
10 ^ 

27 0? + 400 = the year's rent at the second rate in six^ 
pences. 

27 «& -4- 400 

HI = the number of acres, which must be efual to 

the other, &c. 

21. A man commenced trade with a certain sum of money, 
which he im{m>ved so well, that at the year's end he found he 
had doubled his first stock wanting $1000 ; and so he went on 
every year doubling the last year's stock wanting $1000 ; at 
the end of the third year he found that he had just three times 
as much money as he coounenced with. What was his first 
stock ? 

22. A man, having a certain sum of money, went to a tavem, 
where he borrowed as much money as he then had, and then 
spent a shilling ; with die remainder he went to another tavem, 
where he borrowed as much as he then had, and then spent a 
ijAulUng, and so he went to a third and a fourth tavern, borrow* 
ing and spending as before ; after which, he had nothing left. 
How much money ha() he at first ? 

23. It is required to divide the number 60 into two such- 
parts, that one seventh of the one may be equal to one eighth 
of the other. 
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24. It is required to ^divide jEhe number 85 into two such 
parts that | of the one added to f of the other may make 60. 

25. It is required to divide the number 100 into two such 
parts, th&t if one third of one part be subtracted from one 
fourth of the other, the remainder may be 11. 

26. It is required to divide the number 48 into twa such 
parts, that (me part may be three times as much above 20, as 
the other wants of 20. 

27. A man distributed 20 shillings among 20 people, ming 
6 pence a]Hece to some, and 16 pence apiece to the rest^lVhat 
number of persons were' there of each kind f 

28. A man paid £100 with 208 pieces of money, a part gui- 
neas at 21s. each, and a part crowns at 5s. each. How many 
pieces were there of each sort ? 

29. A countryman had two flocks of sheep, the> smaller 
consisting entirely of ewes, each* of which brought him 2 
lambs. On counting them he found that the number of 
lambs was equal to the difference between the two flocks. If 
all his sheep had been ewes, and brought forth three lambs 
apiecei his stock would have been 432. Required the number 
in each flock. 

Let X =i the nnmber in the less. 

Then 2x=z the number of lambs. 

3 07 = the number in the larger. 

4 cr = the number in both, &c. 

30. When the price of a bushel of barley wanted but 3d. to 
be to the price of a bushel of oats as 8 to 5, four bushels of bar- 
ley and 7s. 6d. in money were ffiven for nine bushels of oats. 
What was the price of a budielof each f 

Let X = the price of a bushel of oats in pence. 

Then — — 3 = the price of a bushel of barley, &c. 
5 

31. A market-woman bought a certain number of eggs ^ 
the rate of 2 for a cent, and as many at 3 for a cent, and soiT 
^them out at the rate of 5 for two cents ; after which she ob- 
served, tiiat she had lost four cents by them. How many eggs' 
of each sort had Ae f ^ 
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Let w =ibe number of eiicli sort. 

Then _ ^= the price of x eggs at 2 for a cent. 

And — = the price of a; eggs at 3 for a cent 

These added together make what the eggs cost. 

The whole nmnuber is 2x ; these at 5 for two cents come to 

— cents. 
5 

Bt the conditions, £.+ ^=: if + 4. 

• 32. A cistern has two fountains to fill it ; the first will fill it 
alone in 7 hours, and the second in 5 hours. In what time will 
the cistern be filled, if both run together ? 

Let X =z the number of hours required to fill it. 

The first would fill ^ of it in an hour, and the second would 
fill j of it in an hour. 

Both together then would fill 4 + i u^ tu^ bour ; and in or 

hours both would fill ^ + ^ of it But by the condition^ it 

was to be filled in x hours. 
Therefore, ^ -f .^ = 1 cistern. ^ 

33. A gentleman, having a piece of work to do, hired two 
men and a boy to do it ; one man could do it alone in 5 days, 
the other could do it alone in 8 days, and the boy could do it 
alone in 10 days. How long would it take the three together 
to do it? 

34. A cistern, into which the water runs by two cocks, A 
and B, will be filled by them both running together in 12 hours ; 
and by the cock A c^one in 20 hours, ui miat time will it be 

« filled by the cock B alone f 

Let a; = the time in which B will fill it alone. Both will 

fill tV ^f it ^ «n hour, A alone ^V o^^^ ^^ ^ ^1' ^^ t¥ — iv 
of it in -an hour, &c. 

35. A.inan and his wife usually di^k out a vessel of beer iir 
12 day& s -put when the man was firom home it would usually 
last tlf^^wife alone 30 days. In how many days would the man 
alono'drink it out ? ' 
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36. The hold of a ship contained 443 gallons of water. 
This was emptied out by two buckets, the greater of which, 
holding twice as much as the other, was emptied twice in three 
minutes, but the less three times in two minutes; and the 
whole time of emptying was 12 minutes. Required the size of 
each. 

The greater was emptied 8 times in the 12 minutes, &c. 

37. Two persons, A and B, have the same income. A saves 
I of his ; but B, by spending £80 a year more than A, at the 
end of 4 years finds himself £220 in debt. What did each re- 
ceive and expend annually ? 

38. After paying I of my money, and \ of the remain- 
der, I had 72 guineas left. How much had I at first i 

39. A bill of £120 was paid in guineas and mpidores, the 
guineas at 21s., and the moidores at 27s. each ; the number 
of pieces of both sorts was just 100. How many were there 
of each f 

40. It is required to divide the number 26 into three suche 
parts, that if the first be multiplied by 2, the second by 3, and 
third by 4, the products shall all be equaJ. 

2 X 

Let 0? = the first part The second part must be — , and 

the third part _or— . 
*^ 4 2 

41. It is required to divide the number 54 ipto three such 
parts, that i of the first, i of the second, and i of the third, may 
be all equd to each other. 

Let 2 X = the first part. 

Then 3x = the second part, &c. 

42. A person has two horses and a saddle, which of itself 
is worth £25. Now if the saddle be put upon the back of the 
first horse, it will make his value double tfiat of the second; 
but if it be put upon the back of the second, it will make 
his value triple that of the first. What is the value of each 
horse ? 

43. A man has two horses and a chaise, which is worth 
4^183. Now if the first horse be harnessed to the chaise, the 
horse and chaise together will be worth once and two sevenths 
the value of the <Kfaer ; but the other hcMrse being harnessed, 
the horse and chaise together will be worth once and five 
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eighths the value of the first Required Uie vahie of each 
horse. 

a 

Equations wiA two Unknown Quantities, 

Vni. Many examples involve two or more unknown quan-' 
tities. In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
could all be derived from one. When it is necessary to use 
two unknown quantities in the solution, the question mi»t al« 
ways contain two conditions, from which two equations may 
be derived. When this is not the case the question cannot be 
solved. 

1. A boy bought 2 apples and 3 oranges for 13 cents ; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 cents. How much were the apples and oranges 
apiece ? 

Let 07 = the price of an orange, 

and y = the price of an apple. 

1. 3a? + 2y=13, 

2. 6a?-f3v = 21. 

Multiply the first equation by 3, and the second by 2j , 

3. 9a? + 6y=39 

4. 10^-f6y=:42. 

Subtract the first fix>m the second, because the y's being 
alike in each, the <£fierence between' the numbers 39 and 42 
must depend upon the ot's. 

5. 0? = 3 cents, the price of an orange. 
Putting this value of i? into the first ecpiation, 

6. 9 + 2y=13 

7. y = 2 cents, the price of an apple. 
Proof. 2 apples at 2 cents each come to 4 cents, and 3 

/>ranges at 3 cents come to 9 cents. 9 + 4 =: 13. 86 3 ap- 
ples and 5 oranges come to 21 cents. 

JVbte. In this example I observed, that the coeffic^nt of y 
in the first equation is 2, and in the second, the co^cient of 
y is 3. I multiplied the whole of the first equation by 3, and 
the whole of the second by 2 ; this fonned two new equations 
in which the coefficients of y are llike. If the first equation 
had been multiplied by 5 and the second by 3, the coefficients 
of 07 would have been alike, and x instead of y would have been 
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made to disappear by subnotion, and the same result would 
have been finally obtained. It is evident, that the coefficients 
of either of the unknown quantities may always be rendered 
alike in the two equations, by multiplying the first equation by 
the coefficient which the quantity diat you wish to make dis- 
appear has in the second equation ; and the second equation 
by the coefficient which the same quantity has in the first equa- 
tion. They may be rendered alike more easily, when uiey 
have a common multiple less than their product. 

2. A perscm has two horses, and a saddle which of itself is^ 
worth £10 ; if the first horse be saddled, he will be wcHth 4 as 
much as the other, biit if the second horse be. saddled, he 11 ill 
be worth | as much as the first. What is the value of each 
horse f 

A question similar to this has already been solved with one 
unknown quantity, but it will be more easily solved by using 
two of them. 

Let 07 = the value of the first horse, 

and y = the value of the second horse. 

1. By the conditions, zJ =zx+ 10 

2. " ^ = y+10 

3. By transposition, ^ — - a; = 10 

4. « ^— «=10 

6 ^ 

Multiply the 3d by 7, and the 4th by 5, to firee them fifom 
denominators ; 
6. ^-7a? + 6y = 70 

6. 8a? — 6y=:50 

Multiply the 5th by 5 and the 6th by 6, in order to raaKe 
the coefficients of y alike in the two ; 

7. — 3dtV-|-30y=350 

8. 46 a;— 30y=:300 
Add together 7th and 8th, 

9. 48a?~36« + 30y— 30y = 360 + 300 

10. Uniting teims, 13a? = 650 

11. 07= 50 
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Puttii^; 50, the value of d?, into the 5th, 

12 6y— 350= 70 

13. 6y=:420 

14. * y= 70 

Ans. The first is worth £50, and the second £70. 
^JVbte. In this example the 30 y in the 7th equation had the 
sign -f-, and in the 8th the sign — before it, hence it was ne- 
cessary to add the two equations together in order to make the 
y disappear, or as it is sometimes cdled, to dimuUe y. 

3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 melons, 
at the same rate, for 20 cents. How much are the quinces and 
melons apiece f 

4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of 
barley and 3 bushels of oats for ISs. What is the price of each 
per bushel ? 

5. My shoemaker sends me a bill of ^12 for 1 pair of boots 
and 3 pair of shoes. Some months afterwards he sends me a 
bill of $20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pair f 

6. Three yards of broadcloth and 4 yards of taffeta cost 57s., 
and at the same rate 5 yards of broadcloth and 2 yards of taf* 
feta cost 81s. What is the price of a yard of each f 

7. A man employs 4 men and 8 boys to labour one day, and 
pays them 40s. ; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each ? 

8. A vintner sold at one time 20 dozen of port wine and 30 
doz. of sherry, and for 'the whole received £120 ; and at an- 
other time, sold 30 doz. of port and 25 doz. of dienry at the 
same prices as before, and 6x the whole received £140. What 
was the price of a dozen of each sort of wine i 

9. A gentleman has two horses and one chaise. The £rst 
horse is worth $180. If the first horse be harnessed to the 
chaise, they will together be worth twice as much as the se- 
cond horse ; but if the second be harnessed, the horse and 
chaise will be worth twice and <me half the value of the 
first. What is tlie vdue of Uie second horse, and of the 
chaise ? 
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10. Two men, driving their sheep to market, A says to B, 
give me one of your sheep and I shall have as many as you ; B 
says to A, give me one ot your dieep imd I diall have twice as 
many as you. How niany had each ? 

Let X =1 the number A had, 

And ^ = the number B had. 

If B gives A one, their numbers will be 

a? + landy — 1, 
If A gives B one, their numfaiers will be 

X — landy + l,&c, 

11. If A gives B $5 of his monev, B will have twice as 
much as A has left ; but if B gives A $5 of his money, A 
will have three times as much as B has left. How much has 

m 

each f 

12. A man bought a quantity of rye and wheat for £6, the 
rye at 4s. and the wheat at 58. per bushel. He afterwards 
sold I of his rye and | of his wheat at the same rate for £2. 
17s. How many bushels were there of each ?^ 

13. A man bought a cask of wine, and another of gin for 
^210 ; the wine at $1.50 a gallon, and the gin at $0.50 a gal- 
lon. He afterwards sold | of his wine, and i of his gin for 
$150, which was $15 more than it cost him. How many gal- 
lons were there in each cask f 

14. A countryman, driving a flock of geese and turkeys to 
market, in <Mrder to distinguish his own from any he might meet 
with on the road, pulled uaee feathers out of the tail of each 
turkey, and one out of the tail of each goose, and found that 
the number of turkeys' feathers exceeded twice those of the 
geese by 15. Having bought 10 seese and sold 15 turkeys by 
me way, he was surprised to find mat the nnmber of geese ex- 
ceeded the nund>er of turkeys in the proportion of 7 to 3. Re- 
quired the nundier of each at first. 

Let X = the number of turkeys, 

and y = the number of geese, 

1. . . . . . . 3a? = 2y-f-15 

2. . , . . . .y-hl0=il±lll2i 

3. Freeing the 2d from firactions, 3 v -f- 30 == 7 x — 105 
Instead of the method employed above for eliminating one 

of the unknown quantities, we may find the value of one ef 
them in one equation, as if the other were known ; and then 
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this value may be substituted in the other, and an equation will 
be obtained, containing only one unknown quantity, whicn 
may be solved the usuaiway. 

4. Divide the first by 3, ct=:?l±iA 

5. Multiply the 4th by 7, 7a; = liy±i?£ 
Substitute this value of 7^ in the 3d, 

^^ 3 

7. Multiply by 3, 9 y + 90 = 14 y + 105 — 315 

8. Transposing & uniting, 300 = 5 y 

y = 60. 
The value of x may be found by substituting 60 for y in 
the 4th, 

9. x=:i?^±l^=45. 

3 

Am, 45 turkeys, and 60 geese. 
Let the learner go back and solve, in this manner, the pre- 
ceding examfd^ in this Art. Sometimes one method is pre- 
ferable and sometimes the other. 

15« A person expends $1 in apples and pears, buying hia 
apples at 3 for a cent, and his pears at 2 cents apiece ; after- 
wards he acfVDAmodates his neighbour with i of his aj^les 
and i of his pears for 30 cents. How many of each did he 
buy ? 

Let X = the number of apples. 

And , y = the number of pears. 

Then — = the price of the apples. 
3 

And 2yz=z the price of the pears, &c. 

16. A market-woman bought eggs, some at the rate of 2 
for a cent, and some at the rate of 3 for two cents, to th^ amount 
of 65 cents ; she afterwards sold them all for 120 cents, and 
thereby gained one half cent on each egg. How many of each 
kind Sd she buy ? 

17. It is required to find two numbers such, that if ^ of the 
first be added to the second, the sum will be 30, and if i of 
the second be added to die first, the sum will be 30* 



1^* Ift ia raqiiiied t^ fiad two niunbers aicli, that | of the 
fiMiMd^^tf the 4«Qond:edded together wiUiniaJke 12, aad if 
the first be divided by 2 and the sQ<(wd be oaultiplied by %, | 
of their sum will b^ 26. 

19. Two persons, A and B, talking of their ages, says A to 
B, 8 years ago I was three times as old as yon were, and 4. 
years hence I shaH be only twice aa old as yM« Becpired 
their present ages. 

20. There is a? cealain fishing rod, consisting of two parts, 
the upper of which is to the lower asuS to 7 ; and 9 times the 
upper pari;,, together with 13 times the lower part, is equal to 
1 1 times the whole rod and 8 feet over. Required the length 
of the two parts. 

21. A vantner has two kinds of wine, one at 5s* agalIon,aiid 
the other at 12s. of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How many gallons 
of each sort must he use ? 

t2« A TintBer has ^ casks of wine, fi-om each of which he 
draws S galkm; and finds that the nttmb^ of gi^ons remain- 
ing in the kw, is ta liuX in die gieater a» 2 to 5* He then 
puts 1 gallon G^ water into the less, and 5 gallons into the 
greater, and then the quantities are in the proportion of 5 to 13. 
' What quantity, did each contain at first f 

23> A fiumer, after selling 13 sheep and 5 c^ws, found that 
the number of riieqp he had remaiaii]^, w«s to that of hiscopwa 
in the proportion of 4 to 3. After three years he found that 
he had 57 more sheep, and 10 more cows than he had at fost ; 
and that the proportions were then as 3- to 1. What nuaber 
of each had he at first ? 

24. When wheat was 8 shillings a bushel, and lye 5 shil- 
lings, a man wished to fill his sack with a mfxttMre of wheat 
and rye, for die mot^ he had in hia purse. If he bought 15 
buabds of wheat, and liiid out the rest of his money in rye, he 
would want 3 tHish€j9< to fill his sack ; but if he bought 15 
budielsof rye, and tlien filled his sack with wheat, he would, 
have 15 shillings left. How much of each mustrhe purchase 
in Older to lay out his money and fill his sacks ? 

25. A grac^ had 2 casks of wine, the smaller at 7s. per gal^ 
Ion, the larger at IDs. The whole was worth $U2* When 



4ieiicd Arown IS mIs. from Mioh, ke mked iht remin^knr to- 
<gelter and fedded^f gah. of watbr, and tte nrixtiire wte werfh 
88. per gi^. Sow Bumy gdlons of each 'sort were thl^re at 
first? 

Equatwn»9 Generalizatian. 

IX. In the examples hitherto proposed a numerical randt 
has alwajw been obtained. Tfae aoktioa with tnndbers has 
been peiformed at the same time with the reasoning 4 and 
when the work was finished^ no traces of the operations re- 
mained in the resolt Bat algebra has a more important pur- 
pose. Pure alsebm never gives a numerical result, but is used 
to trace general principles and to form rvlea. In order to pre- 
serve the viroi^ BO that the operations may appear in the result, 
it will be necessary to introduce a few more signs. 

1. It is reqwed lo divide $500 between two liien, so that 
one of than ma^ ha^ three times as much as the odier. 
Let X = the less part 
The equation will be 4^ -{-3%e s^dQ 

4«s:M0 
iS sr 1S5 

Am. ^B» part is $125, and the other $375. 

This question is to divide 500 into two such parts, that erne 
part may be three times as much as the other. It is evident 
that the process will be the same for any other number, as 
for 500. 

Let the number to be divided be represented by the letter a. 
This will stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one part m^y ba tfaiee times aa mmA as 
the ether. 

The equation wiU be x+2xz:^a 

4x;sz a 

4 
3x=?f 



52 Algebra. IX. 

TjoB .work is now preserved in the result, and it appears that 
one part will be i of the number to be divided ; and the other> 
I of it This is a rule that will apply to any number. 

Suppose a = 500 as in the example. 

Then Jl==i 125; and ?f^=375. 

JhM. One part is $125, and the other $375 ; the same as 
above. 

Suppose it is required to divide $7532 in the same propor- 
tions. 

Then a = 7532 ; — = 1883; andi5 = 5649. 

4 '4 

Am: One part is $1883, and the other is $5649. 

2. A man sold some apples, some pears, and some oranges 
for a number a of cents, the apples at two cents apiece, the 
pears at three cents apiece, and the oranges at five cents 
apiece. There were twice as niany pears as oranges, and 
three times as many apples as {jears. How many were there 
of each f 

Let X = the number of oranges. 

Then 2 ^ = the number of pears. 

And 6 07 = the number of apples. 
By the conditions, 12cr; + 6:r4-5a;= a 

23a? = a 

X = — =: No. of oranges. 

2 a; = -r- = " of pears. 

23 ^ 

6x=zJ^z=z « of apples. 

Su{^x)se a = 184 cents, then jV of 184 = 8 = the number 
of oranges ; 2 X 8 = 16 =: the number of pears ; and 6x8 
= 48 == the number of apples. This is easily proved. 8 
oranges, at 5 cents apiece, come to 40 cents ; 16 pears, at 3 
cents apiece, come to 48 cents ; and 48 apples, at 2 cents 
apiece, come to 96 cents ; 

40 -f 48 + 96 = 184. 

The learner may be curious to know, how it is possible to 
make the examples in such a manner, that the answer may al- 
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ways come out a whole number when it is wished ; for if the 
numbers were taken at random, there would frequently be frac- 
tions in the result. Tlie method is to solve it first with a letter, 
as has been done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, in the 
first example, the answer will be in whole npmbers. And 
if any number, which is divisible by 23, be put in the place of 
a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art I., by 
substituting a letter instead of the number ; and after th^ re- 
sult is obtamed, put in the numbers again, and see if the an- 
swers agree. Let him also try other numbers. 

The examples in Art. 11. may be generalized in the same 
manner. 

3. A man being tcsked his age, answered, that if Jts half and 
its third were acUed to it, tte sum would be 88. Required 
his age. 

Instead of 88 put a, and let x =. the number required. 

6 
11 a7=:6a 

11 

Any number that is divisible by 11, being put in the place 
.of a, will give an answer in whole numbers. Let a= 88, then 
j\ of it is 48, agreeing with the answer in Art. II. 

In the course of the solution it appears, that a is equal to V 
of d? ; and the result shows, that x is equal to j\ of a. That 
is, the value of cr is found by multiplying a by the firaction V 
inverted. 

4. In an orchard of fiiiit-trees, ^ of them bear apples, ^ of 
them cherries, and the remainder, which is a, bear peaches. 
How many trees are there in the orchard ? 

6* 



54 imgcbrttm IzL. 

L^t cp = the whole nunber of trees. 
Then x^±.^fL^a 

12a? _4« . 3a? , ^ 
12 12 ^ 12 ^ 

5* ^^ 
12 

5a? 32 12 a 

5 

Any number that is divisible by 5, may be put in the (Jace 
(fa. If a = 15, the uiswer is 36. 

Proof. 52 + 55+15 = 36. 

3 4 

5. The 8th example of Art. II. is solved as foUovirs t 
Instead of 100 put a, and let a? =: the whole number of 

Then af + x + — + 2i = a 

Multiplying by 2, 5a? + 5=:2a 
By transposition, 5d? = 2a — 5 

2a — 5 
a?=;flr — T; or 

5 ' 

^_2« ^ — 2a . 

5 5 *" T~ 
Let a = 100. 

•nwn »^2X 100-5^195^3^ 

6 6 ' 

or jj=:l2ii22.— 1 = 40— 1=39. 

5 

Let a = 135, and find the answer in the same way. 
The answer will be 53. 
Proof. 53 + 53 + 26J +2J c= 135. 

The learner may now generalize the examples in Art. IL 
The preceding examples admit of being generalized still 
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more, but the process m>uld be too difficult 6x the learner at 
present The following question admits it more easily. 

6. (Art. III. Exam. 1.) Two men, A and B, hired a pasture 
for ^55, and A was to pay $18 more than B. How much did 
each pay ? 

This question is, lo imde the number 5& into two such 
parts, that one may exceed the other by 13. 

*Let us represcmt 55 by «, and 13 by h. The question now 
is to divide the number a, into two sum parts, that one may 
exceed the other by the number b : a and b being any two 
numbers, of which a is the larger. 
Let « = the less part. • 

Then - .r + 6 = the sreater part 

And X -{-x + = a 

By transposition, 2x=z a — b 

Dividing by 2, «=:iL— A = 2ll* 

^ ^ ^ 2 2 2 

When a number, consistmg of two or more parts, as a*-i, is 

to be divided, it is evident that all the terms must be divided, 

asiL-^ — . But the fractions iL and --, haviiMf a common de* 
2 2 2 2/® 

nominator, one numerator may be subtracted from the other. 

Hence — — <- — is the aame as^ . Tina is esaiy seen in 
2 2 2 

numbers. See bekiw, where 55 and 13 are aubetiti^ed for a 

and b. 

Hence it wpears, thai ihe less part isfinmdlysubtraetitighalf 

Sfihe excess ojihegreaier abovethe less from hdffihe number to be 
ivided ; orby taking half the difference between the number to be 
divided and the excess* 
T^e greater part is equal to a? -f- & ; hence if 6 be added to 
h 



^-*" — xl will give the greater part : 

* WheiMTet the learner finds any diffieoUy in eompiehenffiiifft 
in the general aaiiitkmi,let him tat eel^e the qneatione with the 



the eperationa 
munben. 
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a b 



^ 2 ■ 2 ^ ' 

or x + b=z — — _+_• 

^ 2 2^2' 

or cr + 6 = A + l=:?L±^. 

2 2 2 

TAe greater u found by addiw half the excess to half the number 
to be divided ; orly iahng halftbe mm pfihe number to be divided 
and the exeeet. 

In the above example, 

A'8part = ^+!?,or!i±il=34. 
*^ 2 2 2 

BVpart = 55-1? ,65-13 ^2j 

^22 2 

Let the learner generalize this question by making x = the 
greater part. The same results will be obtamed. 

Tlus is a ffeneral rule, and will apply to all questions like it, 
and should be remembered, for it is frequently useful. 

Let the learner find the answers to the 2d, 3d, and 7th ex- 
amples of Art. IIL by this rule. That is, by putting the num^ 
bers of those examples in the place of a ana 6 in tte formulas. 

It is easy to see the propriety of the rule. For the* formula 
fl— 6^^55_13 _^ ^^ ^^^ tfiatA pay» 

2 2 2 * ^ ^ 

more than B, be taken out, the remainder is to be paid in equal 

parts by them. Also the formula ?L±i or ii±ii= —, 
*^ ^ 2 2 2 

shows, that if B were to pay ^13 more, he would pay as much 

as A, and the rent would be paid in equal parts by tnem. 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them I6OOO1 crowns. The will specifies, that the eldest shall 
have 2000 crowns more than the second, and that the se<^ond 
shall have 1000 crowns more than the third. What is the share 
of each? 

Let a represent the whole number of crowns, b what the 
eldest son's share exceeds that of the second, and c what the 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into three such parts, that the great- 
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est may exceed the mean by a given nwnber b^ and the mean 
m^ exceed the least by a given nwnber e 

Let X = the greatest. 

Then x — 6 = the mean. 

And . X — b — c = the least. 

By the conditions, 

3a? — 2A — c=ia 
fiy transposition, 2x=ia + 2b +e 

DividingbyS, x = l + ^l + ±. 

Or because the fractions have a common denominator, 

a-{'2b'\-c 

3 

This is the formula for the greatest part. The mean is « --» 

i, or b Butoacted from - + — + -, thus ; 

3 3 3 

3 3^3 ' 

, a . 2b , € 3ft 
or X — 6 ==-+-- 4-- — —-, 

3 3^3 3 

^, *, IL— « ft I C— .« — ft + ^ 
or a?— ft =————-+•— = • — . 

3 3 3 3 

The least part is a? — ft — c, or c, subUacted from 

?— ^4-1* 
3 3"^3' 

x — ft_c=? — *+i — c, 

3 3^3 

or a?— ft 'c = - -4-^ ^^ 

3 3 3 T 

^ ^ ft— c = ^ * 8c_ a — ft-7-2c 

3 3 3 3 * 



>' 
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The greatest part is ^"^^^,i"^„ 



The mean do. 



The least do. 



fl— ft -j-^ 



a — ft — 2c 



The eldest son's share, by the first finmula, is 

1600(^ + 2x2000+1000 ^^.^ 

X w^M/ -r * ^ Ar^x,-Y- _ >jQQQ crowns. 

3 

The other shares may be found by the other two formulas. 

Let the leanier solve this question by naking ^ equal to the 
less part, and also by makins it equal to the mean. 

Exam. 5th, Art. III. may be tsoived by this formula. Let 
the learner generalize the questions in Art III» as &r as to 
Exam. 16lh. 

The examples in Art. I. may be generalixed still farther. 

8. A man bought com at 4s. {a) pet bushel, rye at Gs. (6) 
per bushel, and wheat at 88. (e^per budiel ; there was an equal 
quantity of each sort. The whole cdme to 90s. (cQ. How ma- 
ny bushels were there of each i 

It will readily be perceived that it is udpossible actually to 
perform the operations of addition, subtraction, &c. on letters ; 
but it is easy to repreieiit these <4)erations. We however fre- 
quently speak of adding, subtracting, multipljfing, and dividing 
algebraic quantities, by which we mean, r^resenting tbese 
operations. We have seen that to express 3 tunes a; or^ times 
a we write 3 j?, 3 a, that is, a; or a multiplied by 3. In the same 
manner, if we wish to express a times a?, that -is, x multiplied 
by a, we write a x ; and if we wish farther to express that a x 
(that is, a times x) is to be nndtiplied by /ft, we w»te aft x. 

*Let X = the number of bushels of each. 

Then a a? = the price of the com. 
bx = the price of the rye. 

And c 0? = the price of the wheat. 

cwD+B-ar + CJT 2± c?. 

Hefe X is taken a tiaies, and ft times, and c times, that is, 
(a + ft +c) times. This may be expressed thus, (a + ft + c) ct, 

* Let the learner perform this example first by the namben. 



enclosing the tbree coefficients connected by their signs in « 
parenthesis* 
This will be plain if we put it in numbers. 

4x + 6x + Sxis^ same as f4 + 6 -{- 8) d?, that is, 18 x. 

If we had lSx:=d 

we should divide by 18. 0!^=: ^ 

In the same manner divide by (a + ft -f- c), 

d 

0? = 



a ^-6 +€ 
Pardcular Ans. 5 bushels. 

This general formula is expressed in virards as follows : Di- 
vide the price of the whole by the price of a bushel of each 
sort added together, and it will give the number of bushels of 
each sort. 

9. A father dying left ^5000 (or a) to be divided between 
his wife, son, and daughter ; his son was to have.S (or ft) times 
as much as the daughter, and the wife 2 (or c) times as much 
as the son. What was the share of each ? 

Let ^ = the share of the daughter. 

Then Sxotb a? = the share of the son. 
And 6a?orftc«7= die share of the wife. 

^ ^ 3a? -I- 6 d? = 25000 
x^bx+bcx=za 
( 1 4- 3 + 6) a? = 10 a? = 26000 
(1 +ft + ftc)j? = <t 

x=.B^^=2m 

10 
a 



l+i+b€ 

In this example observe that x is taken 1 tin^e^ and h times, 
and ft«c times. When a tetter is writtai without a coefBcient^ 
it is always understood to have 1 (or its coefficient ; thus x is 
themMOBWRix^ 

Having found the share of the daughter, it is easy to find the 
shares of the other two. 
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ab 



1 +J + 6c 
aie 



The son's share is 3 j? = 7500, or & a? = 

The wife's do. is 6ap=r 16000,or Acj?=-_ , _ - 

The learner may now generalize some of the examples in 
Art. L in this manner. 

10. A gentleman, distributing some money among some 
begffars, found, that in order to ffive them 8 (or a) cents apiece, 
he £ould want 5 (or () cents ; he therefore gave them 7 (or c) 
cents, and he had 4 (or d) cents left. * How many beggars were 
there f 



Let 


J? = the number of beggars. 


Then 


6a? — 6 =7a?H 


h4 


oir 


ax — b = ca? - 






8a? — 7a?= 5 7 


-4=9 


^ 


ax — ex z=. b ' 


-d 




/8— 7Vr= 9 

(a — c)x=i 6 +<? 




0? = .9 




a? := — ! — . 




a — c 




Particular Am. 9 beggars. 






General Jim. * + *'. 



a 



11. There is a cistern which is supplied by two pipes ; the 
first will fill it alone in 7 (or a) hours, the second will fill it 
alone in 5 (or b) hours. In wnat time will it be filled if both 
run together ? 

Let a? = the number of hours in whieh both together will 
fill it. 

The first will fill 4 or A of it in one hour, and the second will 

a 

fill j or-, of it in one hour 4 both together will fill 4 + | or 
6 

^ -|- -. of it in one hour. In x hours they will fill x times as 
a 6 

much, that is, ^ 

^ I iS? ^. a? I a? 
- + , or - + -. 

7 5 a 6 
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But X hmimis the Jieh^ ti|Be,.theref(H«, the cistein being 1, 

- + -= 1, or - + -=: 1. 
7 5 a b 

Clearing of fractions, 

Uniting coefficients, 12 a? = 35 (i + a) a? = a & 



Particular Ans:^\\ hours. 
General Jlns. — — --• 

Suppose one pipe would fill the cistem> in 8} hours, and the 
other m 4| hours, and find the answer by* the general formula. 

M8. Sjh hours. 

12. Suppose it were required to make a rule for Fellowship. 
First take a particular case. 

Three men, ccnmiencing trftde together, fiunished mcmey in 
the following praportions ; A $Q as. often as B $5, and as often 
as C $S. They gained ^SQO. What is each man's share of 
^Uie igain ? 

It is evident that they must receive in the proportion of the 
capital ,^i &ey respectively fimiisbed. 

Let X = A's share of the gain. 

Then tf = B's share. 

8 

And, ?^=Cs share.* . 



8 



a?+— +^^ = 800 

8a? + 5:c + 3a? = 6400 
16 a? =6400 

0?= 400 = A's $haie. 

1?= ,a50 = B'8sh^re. 
8 

i? = 150 = C's share- 

8 



* Bee Art. 11. Ezamp. 24 and 35. 
6 
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Now, instead of 8, 5, and 3, suppose they furnished in the 
proportion of m, n, and|i ; and let tne whole gain be a. 

Let X = A's share of the gain. 

Then !L? = B's share. 
m 

And ^? = C's share, 
m 

Then we have 

a?+ _ ^-c_- =a 

9lt 111 

(m -f- n + p) a? = ffia 

X = = A's share. 

B*s share is ^ or the J?, part of ^ = Afc share, 

. m m wi -f- » H^l^ 

Since a fraction is divided by dividing its numerator, the 
~ part of ^!^ , will be found by dividing the numerator 

ma}yy m. a multiplied by m is m a, therefore, m a divided by 
m is a. Hence the - part of ^HL^ is , and 

the — part is n times as much, that is ^Ht^L , which is B's 

m m + n+ji 

share. 

Cs share is^, or the ^ part of ^^ , which is 

m n m + « + p 

pa 

A's share ia — — j B's do. !Lf ;andesdo. 

m-\-n-\-p m + n + l' 

P" 

III -|- n -|- p 
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Hence to find the share of either, trndtudy the wkoh mm ta he 
divided J by the proportion of the Hock vMdi he Jurnithedf and dir 
vide the product iff the svmrf their proporiiont. 

The propriety of this rule is easily seen. For, potting in the 

numbers instead of the letters, A's share is or A of 

8+6+3 " 

j^800, B's share is — -^ or fy of it, and Cs share is 

8 + 5 + 3 

or t\ of it. That is, the sum of all their propor- 



8 + 6 + 3 

tions is 16, and of these A fiimished 8 ; B, 5 ; and C, 3. 

13. Let it be required to find what sum, put at interest at a 
^ren rate, will amount to a given sum in a given time ; that 
is, to find a rule, by which t^ principal may be found, when 
the rate, time, and amount are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
sum lent f 

Let X = Ae sum lent. 

Then — . = the interest for 1 year. 

100 ^ 

And _? = do. for 3 years. 

100 

And X + — = the antiount for 3 years. 
^100 ^ 

Hence we have x + — ^ = 472 

^ 100 

100 a? + 18 a? = 47200 
118 a? = 47200 

0? = $400 = The sum lent. 

It is a custom established among mathematicians to use the 
first letters of the alphabet for known quantities, and some of 
the last letters for unknown quantities. It is, however, tre- 
quently convenient to choose letters, that are the initials of the 
words for which Uiey stand, whether the quantities be known 
or unknown. 
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To gimeraltte the abofe eocuiiple, 

Let jp 33 tbe pRncipod^ or sum lent 

r =;= the rate per anrnmi^ wUcb in the above cake 
i9^T4vor,06* 

and i = the time, for which it was lent, 

and a = the amount. 

Then rp =± the interest for one year, 

and frp=r db. for < years, 

andp + trp=2 the amount. 
Hence we hare p-^irpzs.a 

p = 1-. 

l+ir 

That is, mnft^phf Ae rate by Ab /me, add 1 to thtpraiiui^ and 
divide the am(nmi by Ms^ and fiwiU give t^Rp^ 

In the above example the rate is .06, which, multiplied by 3 
fthe time), gives .18, and one added to dits makes 1.18-; 472 
aivided by 1.18 gives 400, as before. 

Apply this rule to the f(rilowing example. 

A man owes $275, due two years and three months hctnce, 
without interest. What ought he to pay noW, supposing money 
to be worth 4i per cent, per annum f 

N. B. 2 years and 3 months is ^ years. 

Ms. $249JJVVVt- 
See Arithmetic^ page 84. . 
The learner may now make rules for thefolloMdng purposes : 

14. The interest, time, and rate being giv^, to find the prin- 
cipal. 

15. The amount, time, and principd being given, to find the 
rate. 

16. The amouitt, principal, and rate given, to find the time. 



17. A man agreed to carry 26 Tor d) eartihien vessels to a 
certain place, on this condition ; mat ror every one delivered 
safe he should receive 8 (or b) cents, dn^t for every one he 
broke, he should forfeit 12 (or c) .cents ; he received 100 (ore/) 
cents. How many did h^ break ? 
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Let 0? = the number unbroken. 

Then 20 — x or a- — x=z the number broken. 

For every oae unlm>ken he was to receive 8 or & cents, these 
will amount to 8 a; or & ^ ; and for every one broken he was 
to pay back 12 or c cents, these will amount to 240 — 12 ar 
cents, or a c — €x ; this must be subtracted from the former. 

240 — 12 X, subtracted from 8 a?, is 

8a? — 240 + 12a?, or 20a? — 240. 
Also ca — ex subtracted frcnn bx/iBbx — ca+ ex; for the 
quantity ca — c a? is not so larse as c a, by the quantity c jt, 
therefore when we subtract c a SoiBeb a?, we subtract too much 
by c a?, and in order to obtain a cornect result, it is necessary to 
addca?. 

The equation is 

20x — 240 = 100 or fta? + cai — ac = rf 

20a? = 340 " bx + cx=:d + ae 

6 + c 
' Particular A!ns. 17' unbroken, and 3 broken. 

General Ans. Unbroken ZJL—. 

b + e 

Putting numbers into the general answer, 

teo+12x20 _^^ 

8+12 

The propriety of this answer may be shown as follows : If 
he had broken the whole 20 (or a) he must have paid 12 X 20 
^ 240 (or ae) cents ; but instead of paying this, he received 
100 (or cZ) cents. Now the diflference to him between paying 
240 and receiving 100 is evidently 340, (or d -f a c) cents. 
The difference for each vessel between paying 12 and receiving 
8 is 20 (or b + c) cents ; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration of jMm^tveand negaiite quan- 
tities, or quantities affected with the signs + and — . The 
sign + is placed before the quantities, which he is to receive, 
and the sign — before his losses. We observed that the dif- 
ference between receiving 100 and losing 240 is 340, that is, 
the difierence between +100 and — : 240 is 340, or their sum. 
'Also the difierence between + d and — a c is cZ -j- a c. So the 

6* 
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difference between + 8 and -^ 12 is 20, or bistween + % land 
— ois5 + c. 

Hence it follows, '^^ro in^oe^ a quantity whMi has the ^ 
— , we must give it ihe opposke stgUj that is^it mu^ ie uM&L 

X. The learner, by this time, most have some idea of the use 
of letters, or general synatbols, in algebraic reasoning. It has 
been already observed that, striptly speaking, we cannot actu- 
ally perform the four fundamental operations on these quanti- 
ties, as we do in arithmetic ; yet in expressing these operations, 
it is frequently necessary to perform operations so ansaogous to 
them, that they may with propriety be called trjr the same 
names. Most of these have already been explained ; but in 
order to impress them more firmly on the miiM of the leamer, 
they will be briefly recapitulated, and •some others explained 
which coald not be in^oduced before. 

J^ote. Algebraic quantities, which consist of only one term, 
are caUed simple quantities^ as-^-^o, — 3a i, &c. ; quantities 
which consist of two terms are called binondahf as a -f- &, a •— &, 
3 b '\'2cy &c. ; those which consist of three terms are called 
trinomials ; and in general those which consist of many terms 
are called po^ommb. 

Simple Quantities. 

The addition of simple quantities is performed by writing 
them after each other with the sign -f- between them. To ex- 
press that a is added to 6, we write a -{-b. To express that a, 
b, c, rf, and e are added together, we write a + b-^c + d-^-e. 
It is evidently unimportant which term is written first, for 
3 -j. 5 ^ 8 is the same as 5 + 3 -f 8, or as 8 -f 5 + 3. So 
a -|- i -f c has the same value as i -|- a -|- c. 

t has been remarked (Art. I.) that x + x + x may be writ- 
ten 3 X. This is multiplication ; and it arises, as was <>bserved 
in Arithmetic, Art. III., from the successive addition of the 
same quantity. 3 a?, it appears, signifies 3 times the quantity 
0?, that is, X multiplied by 3. Soi-{-i-|-6-j-6-{-6 may be 
written 5 6., In the same manner, if x is to be repeated, any 
number of times, for instance as many times as there are units 
in a, we write a oc, which signifies a times a?, or x multiplied 
by a. 
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N. B. The learner diould constantly bear<in miodihat the 
letters, a, b^ c, &c. may be ^used to fepreaent aay known nun>- 
ber ; or they may be vsed indefinitely^ and any numb^ may 
afterwai^ besubalituted in their place. 

Again, a6 -^-ab 4- aimay be written 3ai, Ihat u^3 jtimes 
the product a 6.; ako c times the pcoduct a &may.be written cab. 

It may 'be reraari^ed that a times & is the sanM as b times 
a ; for a times 1 is a, and a times b .must be b times as much, 
that is, b times a. Hence the product of a and b may be writ- 
ten either ab or bu. In the •same moaner it may be shown that 
the product c«t(, is the same Baab c. Suppose a z=:.3,& =: 5, 
ad»ic=:^, thena6€^3K 5x 2,andea&=::2x 3 X5. In 
fact it has been shown, in Arith. Art. IV., that when a product 
is to consist of several factors, it is not impcMrtant in what order 
those ftcloss are multiplied together. 'Hie product of «(, i, c, 
d, ij sndfj is written aoc.def. They majr be written in any 
other order, naaedbefi or jbedca^ but it is generally more 
convenient to write them in the order they stand in the al- 
phabet. 

Let it be.required to multiply 3a j^ by 2cd. The imduct is 
6abcd; for if times 3aMs '$abdf butcdf times 3aoisc times 
as much, atSabcdj and 2e d times 3 a 6 must be twice as 
much as the latter, that is, 6 a i c d. 

Hence, the:productof uny two or more simple quantUiet must 
eomisttfaU tiieUs^ers/if earn quanikyf and the product of the eoff- 
ficients of the quantitie$. 

N. B. Though the product of literal quantities is expressed 
by writing them together without the sign of multiplication, 
the same cannot be done with inures, because their value de- 
pends upon the place in which they stand. 2ab multiplied by 
2cdy for instance, camiot be written d2abcd. If it is requur- 
ed to express the multiplication of th<3 figures as well as of the 
letters, they mustbe written 3 ab 2<f c, or 3x2 ubcd, at 3.2a b 
c d. That is, the figures must either be separated by the let- 
ters or by the sign of multiplication. 

MxampUs in Mtitiplkation. 

1. Multiply 3ab by 4 erf/. Ans. 12 abcdf 

2. 5icrf by abc. Ans. t abbccd. 

3. 9egh by 8. 

4. 13oc "by 7«a«rf. 

5. 3^ahc by IZabbd. 



V 
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6. Multiply 138 hy bacd. 

7. 2bx by llahx. 

8. 42ayy by I2a!xy. 

It frequently happens, as in some of the above examples, that 
a quantity is multiplied several times by itself, or enters several 
times as a fiictor into a product ; as Saaabbj into which a en- 
ters three times and b twice as a factor. In cases like this the 
expression may be very much abridged by vniting it thus, 3 a' 
b*. That is, by placing a figure a little above the letter, and 
a little to the right of it, to show how many times that letter is 
a fector in the product. -The figure 3 over the a shows, that a 
enters three times as a factor ; wnA the 2 over the 6, that b en- 
ters twice as a factCM', and the expression is to be understood 
the same as 3 a a a & &. The figure written over the letter in 
this manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must be taken not to confound expcments with coeffi- 
cients. The quantities 3 a and a^ have very different values. 
Suppose a =4, then 3 a = 12; whereas a' = 4x4x4 = 64. 
In the product Sa^ V suppose d = 4 and 5 = 5, then 
3a' y = 3x4X 4 X4X 5 X 5=4800. 
The expression a* is called the second power of a, a' is called 
the third powery o* the fourth power j &c. To preserve a uni- 
formity, a, without an exponent, is considered the same as a\ 
which is called the first power of a.''^ 

Figures as well as letters may have exponents. 
The first power of 3 is written 

.3* = 3 
the second power 3* = 3 X 3 = 9 

the third power 3' = 3x3x3 = 27 

the fourth power 3* = 3 X 3 X 3 X 3 = 81 

the fifth power 3* = 3x3x3x3x3 = 243. 

The multiplication of quantities in which some of the factors 
are above the first power, is performed in the same manner as 
in other cases, by writing the letters of both quantities together, 

* In most treatises on algebra a^ is called the square of a, and a3 the cube 
of a. The terms square and cube were borrowed from geometry, but as they 
are not only inappropriate, but convey ideas very foreign to the present sab- 
ject, it has been thought best to discard them entirely. 



XI Mdiitan, JIMigUeation^ ^. e9 

taldng ewe to. g^ve tbem their proper exponeilti^ 2 am' X 
^4!^ tP iaiiHe wwe OB 2u4nm X 3ccili{, whtcbgtvoe 

a? multqiliedibj a^ |^vesaV«* ; ]M^,af :sz ammndnf =:.aii.; 
hence a^ a* =: aaaaa=:a*. la idl* oaaeB) the pnBduetcoR* 
sists of all the factors of the multiplicand and multipBer. In 
the last example a is three times a factXMr in the one ouantit^, 
and twice in 4he other ; hence it will be five times a mctor m 
the product. The exponents show how many times a letter is 
a fSctor in any quantity ; hene^^anyktier u eonknned at afitc- 
tor ont or mort times in both mtdt^lier and rmik^flieand^ tht^expo* 
nMts bting added togeAer vnttgive the exponeitt ef Aai ktier in 
the product* 

a X fl =io* X a* =tf'"*^ = «*. (fxa'=a*^=€^. 

a^ Xa*=i «•+* = fl*, &c. 

9. Multiply a* 6* by ab*. Jtns. a' h\ 

10. ab*c by a' 6 c'. 

11. Ga'^cdF by. o6V. 

12. a»c» by d'Ve. 

13. ra*ai^y by 5 (^b caff, 
u: inb^Se by Abbe dee. 

15. ' 23 a* 35^ by 2aab(J0X. 

16. ISaayy by ^a'yyx. 

14 has already been remarked, that the ad(Mtien= of tWK> or 
more quaaitities is pesfinrraed by writiiig. the quaatities. after 
each other with the s^ -f* between them. Tm sum of Sa^t 
2acdy 5a*by4aby and 30*5, is 3 a6 -{-2aci2+ 5 0*6 + 4^06 
-f- SePb. But a redacticHx may be made in this expression, &r 
Sab -\'4ab is the same as 7 a A ; and5a^&4-3a'6isthesam6 
as 8 a' & ; henc^ the ex]MreSBioa teeomes 

7a'b+2acd + Stib. 

Reductions of this kind may always be made when Iwaor 
more of the tenns are nmSar. when two or more terms are 
composed of the same letters, the letters being severaUy of the 
same powers, they are said to be similar. The numerical co- 
efficients are not regarded. The quantities 4 « i and 3 a 6 are 
sinalar, and so are 5 a* 6 and 3c^ i ; but 4 it fr and Sa^b are not 
similar quantities^ and cannot be united: 

The subtraction of algebraic quantities is performed by 
writing those, which are to be subtracted, after those from 
which they are to be taken, m&t the sign — * between them. 
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Ifb is to be subtracted from a it is written a — b. 5 a 6' to be 
subtracted jfrom 6 a b\ is written 8 a 6* — 6 a A*. This last ex- 
pression may be reduced to SaV. In all cases when the 
quantities are ^tZdr, the subtraction may be performed imme- 
diately upon the coefficients. 

Compound Quantities. 

XI. The addition and subtraction of simple quantities, pro- 
duce quantities consisting of two or more terms which are 
called compound quantities. 2a-\' cd — 3iis a compound 
quantity. 

Addition of Compound Quantities. 

The addition of two or more compound quantities, when all 
the terms are affected with the sign + will evidently be the 
same, as if it were required to add together all the simple quan- 
tities of which they are composed ; that is, they must be writ- 
ten one after the other with the sign -f- before all the terms ex- 
cept the first. The. sum of the quantities 3 a -|- 2 c and b + 2d 
is3tf-j-2c-|-A-t-2rf. , 

If the quantities 3 ab -}- ^ ^ &nd i -^ c be added, in which 
some of the terms have the sign — ^,the sumwillbe3a& -^bd 
-[- i — c 5 for 5 — c is less than 5, therefore, if i be added the 
sum will be too large by the quantity c. Hence e must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17 -|- 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 -I- 10 -f- 20 — 6 is equal to 17 + 10 + 14. 

From the above observations we derive the following rule for 
the addition of ccHupound quantities. 

Write the qwm&ies cfier each other vAthout changing their signs^ 
observing that terms which have no sign b^ore them are understood 
to have the Am -j-. 

A si^n affects no term except the one immediately before 
which it is placed ; hence it is unimportant in what order the 
terms are written, for 14 -<- 5 -}- 2 has the same value as 14 -f~ 
2 — 5 or as — 5 -f 2 -|- 14. Those which have the sign - - 
are to be added together, and those which have the sign — ar^ 
to be fnibtracted firom their sum. If the first term has the sign 
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-|-y the sign may be ooutted before this term, but the sign — 
must always be expressed. Great care is requisite in the use 
of the si^s, for an error in the sign makes an error in the re- 
suit of twice the quantity before wnich it is written. 

Add together 3a + 2&c'-— 3c^ 
and 60 — 3ftc*+2c* 

airf 7aft + 46c"— 8c* 

and — a+3c* — 26c'. 

The sum is 

3a + 26c* — 3c* + 6a — 3ftc« + 2c* + 7aft 
4.46c» — 8c* — o + 3c*— 2ftc». 

fiut this expression may be reduced. 

3a-)- ^o — « = 8a — a = 7a, 
and 

2ic* — 36c' + 46c" — 2ftc« = 66c* — 6ftc* = 6c*, 
and 
— 3c* + 2c* — 8c* + 3c*=— llc* + 6c* = — 6c*; 

hence the above quantity becomes 

7a-{-6c" + 7a6— • 6 c*. 

To reduce an algebraic expression to the least number of 
terms, coUect together aU the similar terms affected with the sign -{- 
and ako those effected with the sign — , and add the coefficients cf 
each separatdy ; take the difference of the two swns ana put it into 
the general result^ giving it the sign of the larger quantity. 

Examfles in Addition. 

1. Add together tlie following quantities. 

5ab — 2a*«fi 
and 3 a ft; — ^5 am -|- 2 am. 

2. Add together the following quantities. 

13an* — 6m + a?", 
and 76m^ — 3a:^ — 8y, 

wad 4an* + ^^^ — ^y* 



72 ^IfgAm. . SII. 

3. Add^tdgether liiei&lkivmg (jpumtitm 

7ma'6 — 16 — 43 my, 
and 19 u cb — 13 a w 6 + 37 m ii y + 49> 

and I4my — lOmay + nb — na?, 

and 4na? — 3in+23ai»y — nS. 

4. Add together the following quantities. 

xy — ax — ay + aicy, 
and — 2a?y— 2ay + 3aa? + 16, 

and IBarx — 73 + 13aa?y — am^ 

and — ^I5aa;y — 13am-|-43 -)- 18arx, 

and arx — ^^18 + ay — 2axy -\' Sam. 

5. Add together the following quantities. 

13tta? — 26a? — 7, 
and 15 bx — 17&a?y-)-16, 

and 47ac<I--«4?, 

and 37 — So? — 2a+436ya?, 

-and ^nc^d^b-yx'^^lda. 

Svbtractim cf- Compound Quantities. 

XII. The subtraction of simple quantities, as has already 
been observed, is performed by giving the mgn — to.the quan- 
tity to be subtracted, and writmg. it before or. after the quan- 
tity, from which it is. to be taken. If it is required to subtract 
c-^d from a + i it is plsdn that the result will be a -|- 5 — c 
— dj for the compound quantity c -f- c? is made up of the sim- 
ple quantities c and <;,>wiuch.beiQg subtcacted separately would 
give the above result. 

From 22 subtra^M3 — 7. 

13 — 7 = 6. 

and 22 — 6 = 16. 

The result then must be 16. But to perform the .q>eration 
on the numbers as they istsnd, tot sodbtract 13, which gives 
22 — 13 = 9. This is'tooLSBiidLby 7, because the number 13 
is larger by 7 than the number to be .iwbtracted, thertfeie in 
order to obtain a correct result the 7 must be added ; ^thus 22 
— 13 + 7 = 16, as require. 



XBL Sub&aetian of Omapound (^niUiet. , 73 

From a subtract b — c. 

First subtract b, which nves a-^b. 

This quantity is too smdl by c because 6 is larger than b— c 
by the quantity c. Hence to obtain a correct re^t e must be 
added, mus a — i -f- c. 

This reasoning will apply to all cases, for the terms affected 
with the sim — in the quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with -|- be subtract- 
ed, the result will be too small by die quantities afft^ted with 
— , these quantities must therefore be added. The reductions 
may be made in the result, in the same manner as in addition. 
Hence the general 

RuL£« Chiwge aU the sigm in the nuwier to be svbtracteii the 
si^ + to — 9 and the iigna — to -|-, and then proceed oiinadr 
dftton. 

Examples in Subtraction. 

1. From a'a? + 36y — 5a(^ — 16 
Subtract 3a'a? + 4y — 2ac' — 22 

Operation. 

a*x + Sby — dac" — 16 
— 3 a* a? — 5 y + 2 a c" + 22 





— 


-2o*a?4-26y — 3ac» + 6 




2. 


From 
Subtract 


36:p" — 7aaj' + 13 
136c-— Sao?*— 8. 

d4fw, 36j^ — 136c- 


-4aa?' + 21. 


3. 


From 
Subtract 


17a»y + 13ay»— a — 3 
2a*y— 6 — lla+5. 




4. 


From 
Subtract 


,42aj?y — 4aa? 
17aa?— 2aa;y — 5- 


k 


5. 


Fnnn 
Subtract 


143— 17 y 
38 + 4y.— 16a6. 
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6. From 
Subtract 

7. From 
Subtract 



a-|-8a6c — 1 
1 ^ 3 a & c -* a. 

3abz + 2ab — Iz 
2ab — 7z — 2abz. 



xm. 



MdAfHeaiion of Confound Quantities. 

XIII. Multiplication of compound quantities is sometimes 
expressed without being performed. To express thkt a +bin 

to be multiplied by c — d, it may be written a +b x t — i 
with a vincutum over each quantity, and the sisn of multipUca- 
tion between them ; or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication ; thus (a + b) X (c — d) or (a + ft) fc — d). hi the 
expression a -f- b{c-^-a), b only, b to be multiplied by c — d. 

Multiply a -{- 6 by c. 

It is evident that the whole product must consist of the pro- 
duct of each of the parts by c. 

a+b 20-f.4 =24 

c 3-3 



aC'^'bc 



60 + 12 = 72 
Examples. 



1. Multiply 



2ab + 2cdhYef. 

Ans. Sabef + 2cde^. 

6ac-(-6c-|-3cdby2e. 

Ans. 10acc-|-26ce-f 6c Jc. 

6a*ft-f6»c'by3a6'. 

6c*(f -f 52a'ft' + 13ftVrf 

7a»ft»c 

Saftrf+Saftcc^ + afta?^- 

S abaf. 

aa^'{-3aba^ by 13aft*a?* 

When some of the terms of the multiplicand have the sign 
— they must retain the same sign in the product 



2. Multiply 

3. Multiply 

4. Multiply 

5. Multiply 

6. Multiply 



by 
by 
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7. 8, lifultiply a — bhycj also 23 — 5 by 4. 

a — b 23 — 5 = 18 

c 4 4 



ac^-bc. 92 — 20 = 72. 

Since the quantity a — & is smaller than a by the quantity 
bj the product a c will be too large by the quantity b c. This 
quantity must therefore be subtractea from a c. 

9. Multiply 3ai' — c by 2 d. 

10. « 2ad + bd — 3c by bab. 

11. " .2bcd — ef — 2ac by bac. 

12. " 2a'Jc — 5a* + 6' by 40^6*. 

13. " 17acrf— l+5a»a?— ai'a? 

by o* c d.' 

When both multiplicand and multiplier consist of several 
terms, each term of the multiplicand must be multiplied by 
each term of the multiplier. 

14. >fultiply 12 + 6 by 7 + 4. 

^ 12 + 6 = 17 
7+4 = 11 



84 + 36 
+ 48 + 20 

84 + 36 + 48 + 20 = 187 

16. Multiply a + i by c + c7. 

a + ft 
c + dt 



ac + ftc + ad + id. 



It is evident that if a + i be taken c times and then d times, 
and the products added together, the result will hec + d times 
a + J. 
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16. Multiply a«7 — 3ay4^a?y bjr ^ay^J^dk 

2ay -^ax 

«• a?^ — 3 0* a? y + a a?* y 



€fq^ — 9«*y* + 3aya:^ + aa?*y. 

In adding these two products, the quantity 3 a'xy occurs 
'twice, with dtiSTerent signs ; they dierefore destroy each other 
and do not appear in the resudt. 

17. Multiply bad + 3aed — bcfc 

by .2«*c+2flrf. 

18. Multiply 13a*ry— 2«Jy* + ?cy' 

by 6cy^ + 7a5y* + 3. 



19. 


Multiply 


llae* + 3ei*c- 


-4«» 


• 






by 


3(^< 


:4-o«* 


30. 


Multiply 


<f — 3ac4-c* 


by 


a + c. 


31. 


u 


3o«_36« 


by 


3a*-f-36' 


32. 


cc 


3i + 2e 


by 


3a — 36. 




■» 


3£ + 3c 
2a— 3i 




• 




dab-^Aac 




- 




— 9fi» — 66c 







6ab + 4ac — 96* — 6b€. 

lfSb+2ehe multiplied by 2 a only, the product will be 
too lar^e by 3 i times 3&-|-2c; hence this quantity must 
be multiplied by 3 i, and the product subtracted boat 6ab + 
4ac. 

This result may be proved by multiplying the multiplier 
by the multiplicand, for the product must be Ae same in both 

C&j9B8. 

23. Multiply 2aJ + 3&c + 2 by 4ab — 2c. 
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34. Multiply 6€i^b + 2ab* by 2a'i — 6'— h 

25. « 19 — 6 by 9 — 4. 

19—6 =14 

9 — 4 =6 



171—46 70. 

— 76+30 

171—46 — 76 + 20=; 191 — 121 = 70. 

26. Multiply a — b by c — d, 

a — b 
c — d 



ac — be 
— ad-^-bd 



ac — 6c — arf + 6rf. 



This operation is sufficiently manifest in the figures. In the 
letters, X first multiply a — bhy c, which gives ac — be; but 
the multiplier is not so large as c by the quantity dy therefore 
the product ac — & c is too large by d times a — b; this then 
must be multiplied by d and the product subtracted, a — b 
multiplied by d gives ad — bd; and this subtracted from 
ac — be gives ac — be — ad-\- bd. Hence it appears that 
if two terms having the sign — be^multiplied together, the pro- 
duct must have the sign +. 

From the preceding examples and observations, we de- 
rive the following general rule for multiplying ccxnpound quan- 
tities. 

1. Multiply all the terms of the midtiplicand by each term of the 
multiplier^ obsermng the same rules for tne coefficients and letters as 
in simple quantities. 

2. With respect to the signs observe, 

1st, That if both the terms which are multipLied together, have 
the sign +, the sign €f the product mmt be +. 

2d, Iff one term be tweeted vnth +, and the other unA — , the 
product miust have the sign — . 

7* 
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3d, Jl^boA term be tfficUi wUh Ae ^v---, tke ptoi$ui muit 
have the sign -)r« 

Or in more general terms, ^ bolh ienm have the same wa^ 
toheiher -)- o^ — 9 the product mutt have the sign 4*> ond ^ they 
have different signs^ Ae product must have the sign -— . 

27. Multiply 3a'6— 2ac + 6 
by lab — 2ac — 1. 



— Go* 6c + 4aV--- 10 ac 
— 2ifh + 2ac — 6. 



Product 

2ifl»6«_l4a»6c + 36a6 — 6a'i€+4aV— 8ac— Sa'i— 6. 

28. Multiply 7jfi + 6n^ by 4m — 3n. 

29. « «' + «y — ^ by a—y. 

30. " n^-fnaf + i^ by » — «• 

31. " a«4.a6-j-i« by cf — ab-^b*. 

32. « 2a?— .3a^y + 4y' 

by 5« — 6xy— 3y*. 

133. « 3a'c— 6ac' + 2c' 

by 2a'c— 4tf*c* — 7ac*. 

34. " 2a* — a*a? + 2 by 3a — a? — 3. 

35. " 7a*i + 26' — 1 by 3ii'-*2i*— 1. 

It is generally ipuch easier to trace the effect produced by 
each of several quantities in fonninff the result, when the ope- 
mtien^. are performed upon letters, man when performed upon 
fibres. The following are remarkable instances of this. They 
ought to be remembered by 'the learner, as frequent use is 
made of them in all analytical operations. 

Let a and b represent any two numbers i a + b will be their 
sum and a^^b tiieir difference. 



a + b 
a — b 



0*4- «i 
— «*—*» 

a' — 6*. 

Thfit in, ^"A^ 3im and the ajfertiMe oftnoo mohbmbe mtUipli' 
ed ti^dher, the product wSl be the difference of tfle wcond poiweri 
ofmUe two nwmers. 

Particular Eicampk* 

c^ = 144, i* = 49. 
(« + ») X («--6) = 19 X 5 = 95, 
and c^— 6'= 144 — 49 = 96. 

Multiply o + ft fe^ A + 1^. 



>MUH***«M 



«* + ** 

That is, the product of the mm of two numbers^ by itsdf or the 
second power of the sum of two numbers^ is e^jwd to the mm of the 
second powers cfihe two numbetSi added to twice the product of the 
two nwnbers. 

Multiply a-^ft hf A^^h 

The mswtt is o*^-^ 9 of d 4- A', whkh h the muke «&r the last, 
eifleept the jwn befora 2« fr« 

Multiply / + 2 a ft + A' by a + A, that is, find the Ihiffd 
power of a +i. 
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Tills is expressed in words thus : the third power <f the fint^ 
plitf iivree times the second power of the first into the second^ phu 
three times ^first into the second powtr of the second, plus the third 
power of the second* 

Multiply a' — 2a6 + 6* by a— fc. 

wiiM, a' — 3a'6-f 3ay— 6'- 

Which is the same as the last, except the signs before the se- 
cond and last terms. 

Instances of the use of the above formulas will frequently 
occur in this treatise. 

Division of Algebraic Qfjtantities, 

XIV. The division of algebraic (quantities will be easily per- 
formed, if we bear in mind that it is the reverse of multiplica- 
tion, and that the divisor and quotient multiplied together must 
reproduce the dividend. 

The quotient of a 6 divided by a is ft, for a and b multiplied 
together produce a 6. 8o ah divided by 6 gives a for a quo- 
tient, for the same reason. ^ 

If 6 a & c be divided by 3 a, the quotient is 2 be 
If by 2 ft, the quotient is 3 a c. 

If by 2 c, the quotient is 3 a ft. 

If by 3 ft, the quotient is 2 tx c. 

If by 3 a ft, the quotient is 2 c. 

If , by 6 o the. quotient is ft c. 

For in all these instances the quotient multiplied by the di- 
visor, produces the dividend 6 a ft c. 

Examples. 

1. How many times is 2 a contained in 6 a ft c ? 
Ans. 3b c times, because 3 ft c times 2 a is 6 a ft c. 

2. If 6 a ft e be divided into 2 a parts, what is x>ne of the 
parts ? 

, Ans, 3 ft c ; because 2 a times 3 ft c is 6 a ft c. 
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Henoe ire d^ve the fbllairiiiff 

Bdls. DhideihR(»^pemiUof^dimd^ 
tkedkmor, and tir^ mtt AekUm if Urn dimwr fhrnihihi' 
dtnd. 



3. Vrnde 


16 aie 


by 


4. 


4. « 


12abc 


- ^ 


3 a. 


5. « 


iOabe 


by 


10 be. 


6. « 


16 abed 


by 


6 ad. 


7. « 


S$abt 


by 


ab. 


8. « 


It ad 


by 


ad. 


9. « 


Aof 


by 


a*. 



Observe that 4 a' is the same as 4 a a a and a* te the same 
as a a ; 4 a aa divided by aa gives 4a for die ouotient. 

it was obaetved in tnuttiplicatioB, that vrfaen um same letter 
enters into both mnlttpKer and midtif^iieandy the nmltlplieatioii 
is peifonned by adding the expenei^ thus of muUipbed 1^ ^ 
is a*^ = a*, in sinular cases, division is performed py subtract^ 
ing the exponent ofihe divisor from that oftne dividend.' a* divid- 
ed by «• IS «••"• = a*. 

35y<P 
lai^c* 
18a? y» 
48cr*j?'ia 
•raa/ia* 
«0/^ 
73 a|j^ 
120flr^f 

Tbe dinnon of some cfHnpooiMl <}aantities is as easy as diat 
of simple qilantlties. 
If a + 6 + c be mtihiplied by d the product is 
d(a + b + c) or ad + hd'\-cd. 
Therefore ifad^bd-^-cdhe divided by d^ the quotient is 



10. 


Divide 


11. 


U 


13. 


u 


13. 


M 


14. 


(( . 


15. 


M 


16. 


(( 


17. 


C( 


18. 


a 



by 


3ttV. 




Jht. iabe. 


by 


bd. 


by 


4aV. 


br 


ey. 


by 


lda*or»u 


by 


12ar». 


by 


«a 


by 


0|»*. 


by 


rl*. 
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Itad'\-bd'-\^cdhe divided by a -(- & + <^) ^^ quotient is d. 

When a compound quantity is to be divided, let the quan- 
tity, if possible, be so amtnged that the divisor may appear as 
one of the factors, and then that factor being struck out, the 
other factor will be the quotient. * 

19. Divide 12 a* 6 — 9 a c by 3 a. 

12a'A — 9ac = 3a(4a6 — 3c) 

f Ans. 4aA — 3c. 

Observe that a is a fector of both terms, and also 3. Hence 
the quantity 12 a* b — 9 ac, can be resolved into factors ; thus 
3 (4 a" 6 — 3 a c), or a (12 a 6 — 9 c), or 3 a (4 a 6 — 3 c). In . 
the last form the divisor 3 a appears as one factor, and the other 
&tUx 4 ab — 3 c is the quotient. 

JS/ote. Any simple quantity, Which is a factor of all the terms 
of any compound quantity, is a fiictor of the whole quantity ; 
and liiat factor being taken out of all the terms, the terms as 
they then stand, taken together, will fonn the other factor. 

20. Divide Syi' — 16 a»6»c by 2a6 — 4Vc. 

8a*6*— 16a*6'c = 4a6'(2a6— 4a»c.) 

Am. A a v. 

21. Divide 3a6c— 16a6*df+ 9a*6<P by 3flft. 

22. Divide 16a»6c— 30aV + 25a*crf 

by bcfc. 

23. Dkide 36 a'^Vc— 28 a" 6V + 40 «• 6V 

by 9<i«— 7a*6*c+10c^iV. 

24. Divide 42o'— :84a"yc by 1— 2a'6'c. 

AlgAraic Fractions. 

XV. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor,- the division 
cannot be performed in this way. It can then only be express- 
ed^ The usual way of expressing division, as has already 
been explained, is by writing the divisor under the dividend in 

the form of a fi'action. Thus a divided by b is expressed ■-. 
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This gives rise to fractions in the same manner as in arithme- 
tic It was shown in arithmetic^ tl^t a fraction properly ex- 
|>re8ses a quotient. Algebraic fractions are subject to precise- 
y the same rules as fractions in arithmetic. Many of the ope- 
rations are more easily performed on alffebraic fractions. 

In these, as in arithmetic, it must be Kept in mind, that the 
denominator shows into how many parts a unit is divided ; and 
the nuinerator shows how many of those parts are used ; or the 
denominator shows into how many parts the numerator is di- 
vicied. 

I shall here briefly recapitulate the rules for the operations 
on fractions, referring the learner to the Arithmetic for a more 
fliU developement of their principles. 

2 times A = A. 
11 11 

2times? = ?f. 
b 

c times? = ?L£. 
b b 

I of 7 is V 9 for i of 7 is i^^wad | is 3 times as much, f of\ 
a is ^.^ ; for I of a is ^, and f is 2 times as much. The 1 part 

of c is^ ; for j of c is ~, and j is a times as much. 

Hence, to mtdtiply a fracHon by a whole number^ or a uhole 
number by a fraction, multiply the numerator of the fraction and the 
uhok number together, ana divide by the denominator. 

Arith.drtideaXV.&.Xyi. 

Exan^ks* 

1. Multiply l±iby2. Jlm.^l±B. 

2. Multiply 1^+1^ by bd. 

^^ Sabd + 2h»d 
ac 
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3. Multiply 


3fte<* 
5 a-— 


>3a 
13 e 


by 


4V. 




« 






•Ant. 


nVc—^aV 
5a-- 13c 




4. Multiply 


2a^- 
3a 




by 


5 a c + 3 c*. 




5. Multiply 


134 




by 


5 a 6 — 3 n. 




6« Miiltiji^y I6aixf^ 


-Six 


by 


2m — 3a? 

2a + 7«» 






Division 


k of Fradimu 


. 




XVI. 1. Divide 


4a 
7 




by 


2, or find ^ 


of 


4a 
7 * 


r 






7 




3. Divide 

• 


ai 
c 




bv 


ff, orftid i 

a 


of 


ah 

■ 1 ■■ • 






•atl^. —• 




c 








c 




3. Divide 


da*i 




by 


3 a, or find 

3a 


of 


6a*ft 








Ans. 2«* 
cd 





4. Divide ^ by 2, or find J of ^. 

This cannpt be done like the others, but it may be done by 
multiplying the denominator as in Arith. Art. XVII. For the 

firaction f* dejtiptes, that we is divided into as many «qiial ports 

as there are units in i, and that as many of these parts are used 
as there are units in a ^ or that a is divided into as many equal 
parts as fh^n^ are units in b ; hence if it be divided into twice 
as many parts, the parts will be only one half as large, and the 
fraction will have only one half the value. 
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Hence I divided by 2, i»* 

So ^.divided by dj is i-.. 
c cd 

5. Divide ?^ by 4<l. Jlns. ^. 

Hence, to divide a fraction by a tohok mmbeTf Opide the stf- 
mercUor ; or when that canMt be done^ multiply the denominator by 
the divisor. 

6. Divide 1^ by 3 a. 

d 

7. Divide !*^ by Tab. 

cd 

8. Divide ifli*. by 2a*c. 

3dm 

9. Divide ^ by 6*. 

Sac 

10. Divide lii bv 3. 

11. Divide ^ by 5. 

12. Divide "ili by 2i»i. 

mnr 

13. Divide HlJ by 3c*rf. 

6c<P 

14. Divide ?.!J!ltL by 8a»ci. 

t.aea 

15. Divide ^"7^^ by Zad. 

26c 

16. Divide 'yam— 13tc j, g^j 

2od — 5^ 

17. Divide ^^"^'^ . by IhnK 

5 a n — m «' 

8 
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18. Divide 


17c — 3«» 
2a*n — 7n' 


by 


4«* + 3n. 


19. Divide 


2nad 
46+ 3a? 


by 


Ah — 3*. 


20. Divide 


2a — d 
3a — 4cd+l 


by 


Ta-^Acd—l. 


21. What is 


iof|? 4 of J 


36 


and 1 is twice asmuch. 


that is, ?4- 
36 






• 



22. What is the ?. partof ii i of f is i^^and ? is a 

b d b d ba b 



times as much, that is,^. 

bd 

That is, 4. X -^ = ?^. 
d o bd 

Hence, to mvUiply one. fraction by another ^ multiply the ntime- 
rotors together for a new numerator j and the denomnatort together 
for a new denominator. Arith. Art. aNH. 

23. Multiply ?^ by A. Ans. ^''* 



3 c 2m 6 cm 

3am 
b7n 

Saa? 



28. Multiply 



Zad 
46c 


by 


I2anx 


by 


136ry 


2a*m 
bed 


of 


AVd 


of 


2a 
36 +c 


by 


2 am* — 


3a*m 



24. Multiply 

25. Multiply . _, , 

'-* " 26y 

26. What is ?i^ of 1*/? 

3mci 

27. What is t*!i of lifL? 

13na? 

2ac— i-c 



5 ab 
bawf 



29. Multiply ^»>»— ^»»» by 

4ac + 2c ^ 2am — 5c 
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30. Multiply 45^^±4 by ^^*-^. 

^^ Sic— 2<P ^ 6ac — 2ad 

31. Multiply 2a — m + 3m' j, 13ac 

*^^ Tarn* • -^ nam* — c + 6 

We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller ; on the 
contrary, a fraction may be multiplied by dividing its denomi- 
nator, because the parts are made larger. Arith. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 
twice as lar^ as before. If Uie denominator be divided by 5, 
the unit is divided into only one fifth as many parts ; hence the 
parts must be five times as large as before, and if the same num- 
ber of parts be used as at first, the value of the firaction will be 
five times as great and so on. 

32. Multiply ?i! by 6, Am. £?. 

20 '4 

33. Multiply ^ by b. 

c 

If we divide the denominator by i, the firaction becomes 

a • 1 

— I in which a is divided into ^- part as many parts ; hence 

c 

the parts, and c<Hisequently the firaction is h times as large as 
before. 

34. Multiply ^ by 2 c. 

66 c 

36. Multiply Jlfi by %(?d. 

32 (y a 

36. Multiply -i®— Iw lam*. 

37. Multii^y _SL*_ by " 5»«. 

- 25 m 3) 

38. Multiply — by 5. 

5a 
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' 39. Multiply JL. by ah. 

Bab ' 

40. Multiply — ^^-r- by 4 J. 

4a6* — 46c 

41. Multiply "' , ^^~-*^g ^ by Aa\ 



42. Multiply 



23 m — 13 



85 in* c d — 7 m' c + 42 in* o c' 
by 7m*<?. 

43. Multiply | by 5. 

Biidding the denominat(Nr by 5 it becomes f , or 3. 

Multiply -^ by 6, 



Dividing the denominator by h it becomes iL, or a. 

44. Multiply iiL£ by 56rf. w2ii#. ?iLf = 3 ac^ 

56 a 1 

1 h a. 

In fact — multiplied by 6 is _ = 1» and 4- being a times 
6 6.6^ 

as much as -^-y i^^^^st give a product a times as large, or a 

b 

times 1, which is a. 

Hence, tfdJracHon be mudtipUed by Us denominatari the pro- 
duct vnU be the numeraior. 

by 5 6 rf. 



by 36 c. 



45. 


Multiply 


lacm 
bbd 


46. 


Multiply 


25 
36c 


47. 


Multiply 


181^ 
4 6 m' 


48. 


Multiply 


12 mY 



bdn* X 



by 4 6 m*. 

by bdn^x. 



XVn. Btdvdttg Fraeliont to Lower Term, B9 

49. Multiply l^ah — y^ y^ 1^ ^ 

17 a" 

60. Multiply 15«c + 37ftc ^ i0oi~2c. 

51. Multiply ^ "'oti^^Tf by a** - 3 fl?» + J. 

Two ways have been shown to multiply fractions, and two 
ways to divide them. 

To amde afracttonj y •«*/' :f j^^ denommaior. 
To divide afiracHon, 7 d'mde \ ^ numerator. 
To multiply afraetionj y ^ \the denominator. 

Arith. Art. XVUL 

Reducing Fractions to Lower Terms. 

XVII. ffboih numerator and denominator be multiplied by tfic 
same number^ the value ofihefradion wSl not be altered. 

Arith. Art. XIX. 

For multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides it ; hence it will be multi- 
plied and die product divided by the multiplier, which repro- 
duces the multiplicand. 

In other words, ^ signifies that a contains b a certain num- 
ber of times, if a is as large or larger than ft ; or a part of one 
time, if ft is larger than a. Now it is evident that 2 a will con- 
tain 2 ft just as often, isince both numbers are twice as large as 
before. 

So dividing both numerator and denominator, both divides 
and multiplies by the same number. 



s_2X3_6_7x3._21_3x6 
* 2X5 10 7X6 35 5X6 


U 


5b 


a 2a 6a ac 2aed 

b 2b bb be 2bcd' 




6aA_3ix2a_2o 




9hc 3&x3c 3c 




8* 
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Hence, if a fraction contain the dame factor both in the nu- 
merator and denominator, it may be rejected in both, that is, 
both may be divided by- it. This is called reducing fractions 
to lower terms. 

1. Reduce -— ^ — to its lowest terms. Ans. -J?—. 

\bbcm bhc 

to. ax^ • 3 

2. Reduce — — L to its lowest terms. Jlns. 



16aV 4 ax 

3. Reduce IfLf^ to its lowest terms. Am. 4^. 

30 6 m 66 

4. Reduce y^ to its lowest terms. 

I6b*rf 

5. Reduce Z^ to its lowest terms. 

13o'6V 

6. Reduce ^ ?, ^^%^ to its lowest terms. 

6 a* 5 c + 55 a* 6 

T. Reduce 27m'x — b4^ ^^ j^ j^^^^^ ^^^ 

8. Divide 35 a' b mf a?' by 7 a' » m* x. 

Write the divisor under the dividend in the form of a frac- 
tion, and reduce it to its lowest terms. 

65m' a?* 



Ans. 

9. Divide 27 b'^mj/' by 21 6» m* y. 

10. Divide 56br^y by 7 6'ny'. 

11. Divide 64m*nr'y by 36 ft my'. 

12. Divide ISc'rfma:* by 63 cm* r^r*. 

13. Divide 115r«y* by 15r«y. 

14. Divide 128 a* c*ra?» by 48 a' mr'ar*. 



a n- 
7». 
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15. Divide i7«c<r by 13a e* a?*. 

16. Divide 28a*cy by 14 iff. 

17. Divide 36ffm*y by 54 a" my*. 

18. Divide 75a^6y* by 36a»c*/«. 
'19. Divide a + b by 2c — d. 

20. Kvide 2a'c — 7a*6c+ ISrfcd 

by ISa^cc?. 

21. Divide 18a" m»— 54a»m» + 42a*m* 

by 30a*»i*£l — 12a*«TO'. 

^. Divide(a + fr)(13a€ + 6c) by (m' — €)(a-|*i). 

23. Divide 3c* (o— 2c)' by 2ic»(a — 2c)'. 

24. Divide 366V(2a + d)* (7&~rf)' 

by 12 6» (2 a + df)* (7 6 — d)» (a— d). 

Addition and Subtraction oflVactiont, 

XVIII. Add together -i and -land * 

b d f 

This addition may be exj^ssed by writing the fractions one 
after the other with the sign of addition between them ; thus 

b ^ d^ f 

N. B. When fractions are comiected by the signs 4* and 
— , the sign should stand directly in a line with the line of the 

fraction. 

• « 

It is frequently necessary to add the numerators together, in 
which case, the fractions, if they are not of the same denomi- 
nation, must first be reduced to a conmion denominator, as in 
Arithmetic, Art. XIX. 

1. Add together i. and A. Ans. 1±1 = i.. 

® 7 7 7 7 

2. Add together ± and -1. Ans. 2+5. 

6 6 6 
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3. Add together 34 and24 * An,. l!t^ = ^. 

cd cd cd cd 

4. Add together ?JL aud ^. Ans. ^±±JJ!±. 

® Serf 3cd 3cd 

5. Add together | and f . 

These must be reduced to a common denommator. It has 
been shown above that if both numerator and denominator be 
multiplied by the same number, the value of the fraction will 
not be altered. If both the numerator and denominator of the 
first fraction be multiplied by 7, and those of the second by 5, 
the fractions become || and ^|. They are now both of the 
same denomination, and their numerators may be added. The 
answer is ||. 

6. Add together ^ and ^ 

d 

Multiply both terms of the first by d, and of the second by 

b, they become ,-Z and ^—. The denominators are now alike 

o d d 

and the numerators may be added. 

The answer is ?!i+lf. 

d 

7. Add together ^, .1, ±, and 1- 

o d f h 

it all cases the denominators wiU he aUke^ both terms of each 
fraction he multiplied hy the denominators of all the others. ]Por 
then they will all consist of the same fiictors. 

Applying this rule to the above example, the fractions be- 
come ^JJJ^ *i/* *^ and \MK. 

hdjv bdfh' hdfK njh 

The answer is '^^fh + bcfh + bdeh+bdfg 

bdfh 

8. Add together i^ and If. Jtnt. Iif5i+^. 

^ Tbe 6d lObed 
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It was shown in Arithmetic^ Art. XXII, that a common de- 
nominator may irequenfly be fomid much smaller than that pro- 
daced by the above rule. This is much more easily done in 
algebra than in arithmetie. 

9. Add together J!L-, _— , and JL. 

(r b e eg 

Here the denominators will be alike» if each be multiplied 
by all the factors in the others not common to itself If the 
first be multiplied by e g, the second by ifgj and the third by 
bce^ each becomes b c^ eg. Then each numerator must be 
multiplied by the same quantity by which its denominator was 
multiplied, that the value of the fractions may not be altered. 

The iractions then become -?L5^, /^g, and ^Ast . 

bc^eg bc^eg ^^*^g 

The answer is ^^eg+^dg+beef 

b^tg 

10. Add together %^ and i*/ 

* be 2dg 

11. Add together *^, 11 and ?^. 

12. Add together — and -Ei.. 

13. Add together ^-llj.^and/'^*^ 



m?n 



14. Add together ^*i-,aiid ^""^ 



15. Add togetiier 15^, ^^/ .and|Slr. 

16. Add togetiier ^~ and 13 ed. 

17. Add togetiier ^JL^, and 2ac—b b. 

4a n 
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18. Add together 13tt'n'-^4c' ^^ ^^ ac^bn. 

19. Add together ^^^^^-^^^ and ^^ 

20. Add together li^^Z::^, and 1^* + ^^ 



21. Subtract .— from — ,-. 



Jc* 2ic 

This subtraction may be expressed thus, 

3a e 

2bc T?' 

But if they are reduced to a common denominator, the nume- 
rators may be subtracted. 

Ans. 



Sac — 2e 



2Ac« 



22. Subtract 1?!*. from ^. 

23. Subtract — ?l4-^ from ^^^ 



24. Subtract — ^t from £lf ,. 

25. Subtract -^?L from .^IlL. 

26. Subtract lll^ from ^^ "^ '* 



27. Subtract i±?L? from 



3mft 5 m' 6' 

13m' V i-_ 11 r* 



7n*a? 3n'a?' 

3 ac 



28. Frcnn 13ac + ic subtract 



2hm 



29. From ^^'^-^^^ subtract HiL?. 

2a mo; 14am 
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^ 21 ad ^ 2abd—Sm*c 
30. From "Yb^ subtract 4^!? 

Solution* 

27 ad _ 2abd—Sem* _ (27 ad) 2 b 
26c' 4b*c' {2be)2b 

2abd — 3c m * _ 64abd 

T¥7 4 6' c* 

2abd — 3cm*_ 54abd — 2abd + Scm* 

_ 52 g & d + 3 c m' 
^ 4 6* c» 

which is the answer. 

When the fraction 2a&<i — 3cfii' ^^^ subtracted, the 

46'c' 

sign — was changed to +• See Art. VI, example 6th. 

5 na?* — 10 adx 



31. Frota 



Subtract 



12 ad 
13 n a?* — 5 w «• + 17 



^ m X 



32. Prom JJ.«JL^ subtract iiiL?. 
3dag^ — 5 4dx 



XIX. Dimion of lohole numbers by IVactums, and FracUon$ by 

Fractions* 

1. How many times is | contained in 7 ? O 
Ans, \ is contained in 7, 3d times, and | is contained | as 

many times ; that is, V ^^ I If times. 

2. How many times is | contained in a f 

Ans. i is contained in a, 8 a times, and f is contained { as 
many times ; that is, '/ . 
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a 



3. How many times k _. contained in c ? 



1 a I 

Am. --. is contained h c times in c, and ^ is contained _ 
9 b a 



be 
as many times ; that is, — . 

d 



4. Of what number is c the J^ part ? 

6 



Arith. Art XXIII. 



Ans. If c is the ^ part of some number, — will be -^ 

' b ' a 

c 1 be' 

part of the same number, and ~ is - part of — • 

a b a 

Arith, Art. XXIV. 

Hence, to divide a whoU number by aJracHanf muUij^y it by the 
denommaiorcf Aejraelum, and diviat Aefroduet by me numera- 
tor. - 

How many times is | contained in |. 

Solution. Reducing them to a common den<»ninator, | is 
1^, and i is |f . f ^ is contained in |f ajs many times as 24 is 

contained in 35 ; tnat is, f | or 1||. Am. H}. 

» 

6. How many times is ^ contained in JL ? 

6 d 

Solution. Reducing them to a common denominator, — 

' ad ■* e • b e ad • .• % * b c ^' 

IS --. , and — IS --- . --.is contained m iLr as many times as 

bd d bd bd bd 

a ^is contained in & <: ; that is, —^. Am. — ,• 

ad ad 

7. Ofwhat number »!. the iL part? 

d b 
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5W«<i«m. If 4 is the « p«t of ««.e number, 1 pMt of -L 
do ad 

is -_ part of that number; — part of — is -1. and f- is -=- 
a d ad ^ad b 

part of ^. Ans. *4 

ad ad 

Hence, to divide ajraction by a fraction^ multiply the numeral 
of the dividend by the denominaior of the divisor ^ and the dciumir 
natorofthe dividend by the ntaneraior of the divisor. 

Or more generally, when the divisor is ajraction^ multiply the 
dividend {whether whole number or fraction) by the divisor inverted. 

Arith. Arts. XXIIl. and XXIV. 



8. Divide 


3ai 


by 


». 


9, Divide 


13 a 


by 


b 
e 


10. Divide 


17am 


by 


2c 
T 


11. Divide 


act 


by 


Sbc 
2a 


12. Divide 


3ax 


by 


2cfm 
oxy 


13. Divide 


2ac — b 


c by 


3 a 
5c 


14. Divide 


17aj^ — 


Ux + 


V ISabx — 2x 
ex oy —^ — 5 . 


16, Divide 


llax» — 


■ 3« 


by — . 

7aca? — 3ac 


16, Divide 


be 
d 


by 


3 ac 

m 


17. Divide 


2cd 
Say' 


by 


2a?y 
6a<P* 


18. Divide 


17 a* m 
9 


by 


3a*n* 
7a?'y^ 
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4fec 


1». 


Omd«; 


36fl'n ,. 


20. 


• 

Divide 


l2:a + %bo 
12 ax 


31. 


Divide 


2a — Scd 

2am + 5aa? 


93. 


Divide 


5mx — 2d 



xa. 



by 

by 



45 a*nB< 
ai 6*ifi'y 

9axcai 
2am — 5ax 



by 



2a + 2ed 
13 a J 



IKoinon ^ Compound Quantities. 

XX. Sometimes division may actually be perfimned when 
both divisor and dividend are compound quantities. Siqpe di- 
vision is the reverse of multiplication, the proper method totfis- 
cover how to perform it, is to observe how a product is formed 
by multiplication. 

Multiply 2a'6 — 3a*J*c + a6V 
by 4a«y + 2a*.c. 

8a*6»— 12a*i*c + 4a'6V+4a*i«c— 6a'6V + 2«'6V. 

Observe that each term of the multiplier is muRipKed sepa- 
rately into each term of the multiplicand. The product there- 
fore must consist of a number of terma equal to thefffodjucl of 
the number of terms in themultiplicand by the number of terms 
in the multiplier. If the product be divided by the multipli- 
cand, the multiplier mu^t be lepr^oduced^ wcA if 1^ the? multi- 
plier, the raidtiplicand must be reproduced. 

The three terms 8 a' 6' — 12 o* 6* c -|-4 a' 6* c* of the product 
were produeed by mufciplying the three terms of the multijpJi- 
cand by the first term of die multiplier, 4 a' 6*. Therefore, if 
these three terms be divided by 4 <f b*j the qiietient virill be the 
multiplicand. 

Again, the three terms 

of the product were formed by multiplying each term of the 
multiplicand by 2 a i c. Therefore, if these three term0>be di- 
vided by 2 a( c, the quptiept will be the multiplicand. 
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fit^nee we «6e limt ihe whole division ittigtyt be ))ei4ottiied 
1^ uy one Mm of ilke ^ivisot, if all the tenm^ef the dt#4etid 
which depend on that term and the quotient could be ascer- 
tained. This cannot often be done by inspection ; for in many 
ffoducis, though at finft diere are as many terms as there are 
in the mudtiplicakid and multiplier toffetiier, some of the teims 
ave vmfted together by addition or subtnictioa, and some disap- 
|*ear entirely. ' Bven if bU the Imits did nemain entire, they 
could not be easily dnlii^iiiriied. 

However, one term may always be distinguished, and from it 
one term of the quotient may be obtained. 

Divide 4tf* — 9d*i« + 6«i' — i* 

by 2<if — Zab-^V. 

First, it is evident that the highest power of either letter in 
the di vid^ul, must have been proiduced by multiplying the high- 
est power of that letter in the divisor by the highest power of 
the same letter in the quotient ; for in order to produce the di- 
vidend, each teim of the divisor must be multiplied by every 
term of the quotient. Therefore, if 4 a^ be divided by 2 a* it 
must give a term of the quotient. Or, if — h^ be divided by &* it 
must give a teim of the quotient. Let the quantities be ar- 
ranged according to the powers of the letter a. 



DivMor. 



2a* 



6 o' 6 — . 1 1 «• i* + 6 a. i' — J* 

-*»«**»«i—>< lii I I I I! H i . II il ■ 

— 2ifft» + 3fl6' — 5* 



I divide 4 a* by 2 a', which gives 2 cf for the first teim of iIm^ 
4ftf>t«ent. Now in fenaniig the dividend, every teim of die di- 
visor was multiplied by this term .of tiie quotie&t, therefm I 
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multiply the divisor by this tenn, by wUeh meaas 1 ikid all the 
teiiiis qS the dividend, which depend on ih\» tenn. They aie' 

Here is a term 6 a' i which is not in the divid^id, this mast 
have disappeared in the prckiuct.' The teim 2 a* 6' is not found 
alone, but it is like 9 a' V and must have disappeared by unit- 
ing with some other term to form that. I subtract these three 
terms from the dividend, and there r^nains 

which does not depend at all on the term 2 a* of the quotient, 
but which was formed by multiplying each remaining term of 
the quotient by all the terms of the divisor. This then is finew 
dividend, and to find the next term of the quotient we must 
proceed exactly as before ; that is, divide the term of the divi- 
dend containing the highest power of a, which is Qcfl^ by 2 a* 
of the divisor, because this must have been formed by multiply- 
ing 2 a' by the highest remaining power of a in the quotient. 
This gives for the quotient -{-^ah, I multiply each term of 
the divisor by this, and subtract the product as before, and for 
the same reason. The remainder is 

which depends only on the remaining part of the quotient. 
The highest power of a, viz. 2 a^ &', must have been produced 
by multiplying some term of the quotient by 2 cf of the divisor 3 
therefore I divide by this again, and obtain — V for the quo- 
tient. I multiply by* this and subtract as before, and there is 
no remainder, which shows that the division is completed. 

By the above process I have been enabled to discover all 
the tenns of the dividend produced by multiplying the first 
teim of the divisor by each tenn of the quotient. If both be 
arranged according to the powers of the letter b^ and the same 
coiirse pursued, the same quotient will be obtained, but in a 
reversed order. 

In the division the term — 2 a* i* has the sign — . Here we 
must observe that the divisor and quotient multiplied together 
must reproduce the dividend. 

If + a & be divided by + a, the quotient must be + ft, be- 
cause + « X + i gives ^ab. 



^ 
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If — *a^ be dkivided by 4- ^ tfie tfuotienit maiA <be -^ i, be- 
«MiBe + A X •*-*«iveB~'« i. 

If *4* a i be ^brided by «^ «, the quotient ^must be •—•&, be- 
cause — a X — h gives -{^ ah. 

If — a b be divided by '- — a, the quotient must be + ^9 ^- 
cause — a X + A gives — a 6. 

The rule for signs therefore is the same as in multiplication. 

When the signs are oKkejihat w, boA + or both *-*, we «tjgn of 
the product must be -{-'; but tohen the sims are unlikey Aai is, one 
+ and the other ^^^ Ifte sign of the ^ttent must be •— . 

By the reasoning above we denve the following rule for di- 
vision of compound numbers. 

Arrange the ikidend and divisor according io the powers of 
some letter. Dimde the first term of the disndend by Ae first term 
of the divisor, amd write the resuU %n the quotient. Muttmfjf all the 
terms of the divisor by the term of the quotient thus founds and svin 
tract the product from the "dividend. The remainder wSl he a new 
dividend^ and in -order to find the next term of the ^uotkniy proceed 
exactly as before ; and so on untU there is no remainder. 
' Sometimes, however, there will be a remainder, such that 
the first ^erm of the divisor, will not divide either term of it ; in 
which case the division caa be continued no farther, and the 
remainder must be written over the divisor in the form of a firac- 
tion, and .annexed to the quotient as in arithmetic. 

Divide 2a»— .llrt*6 + lla»6«-{-13a*6' by 2^— -6. 

C2a — b 



2a»— lla*4 4.n«»i« + 13a»6' 



^^-^b ( + ^^' + Ti;^b' 



a'—^a'b + Sa'V + eaV 

A 1.6 



4 b 



— - 10 a* 6 + 11 a»6' + 13 a* 6» 
— lOVi + Stf*** 

6o»i»+13a»6' 

16 a» i* 
e 16o*6* — 806* 



'.■! 



Soft* •"''" 



Soft* — 4ft» 
9* 4 ft*. 
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In this example, the divirion may be conimned mitil the re- 
mainder is 4 6*, which cannot be divided by a, therefore it ranst 
be written over the divisor 2 a — ft as a faction and added 4p 
the quotient. 

Examples* 

1. Divide a?*-|-2aa? + a* by a + x.* 

2. Divide a* — 6* by a + b. 

3. Divide b* + 2b*x + x' by V + x. 

4. Divide a?' — y* by a?* + a? y -f /• 

5. Divide a?* — f by a?-|-y. 

6. Divide lb a* + 2a 6 — 8 i» by 3a — 2 6. 

7. Divide a?' — 2iry + y* by x — y. 
S.Divide a»— 9a' + 27 by d_6a+a*. 

9. Divide 4a* — 3~9a* + 6a 

by 3a? — l+2a». 

10. Divide a* — a?* by a' — a*x + aa?*-T- cr*. 

11. Divide 6a?* — 96 by 3a? — 6. 

12. Divide 4 a* — ab by 2 a — b. 

13. Divide 6a* + 9a*— 16a by 3a« — 3a. 

XXI. Equations. 

^ The above rules are sufficient to solve all equations of the 
first degree. 

1. Find the value of a? in the equation 

aVx — 2 c 2 ac _ , * Vx 

6a 3a — 6"*^ ^^ 

Fhrst, clear it of fractions by multiplying by the denomina- 
tors. 

* Let the learner prove his resaHe by multiplication. 
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Expiessing the multiplication, we have 

(aft'o? — 2c)(3a — ft)(3) — (2ac)(6a)(3) 
= (a 6 x) (5 a) (3 a — ft) (3) — (6* a:) (5 fl)(3 a— 6). 

Perfotming the multiplication it becomes 

9a«6«aj_18ac — SaVx + 6be — 30 a* c 
= 45 o' 6 a? — 1 5 a' 6* 0? — 1 6 a' 6* a? + 6 o 6* «. 

Transposing all the terms which contain x into the lint mem* 
ber^ and those which do not contain it into the second member, 
it becomes 

9a' 6»a? — 3 aft'cr — 45 a'6a:+ 16 o'ft'a? + 16 a*6*«— 6 ai'ar 

= ISac — 6bc + 30cfc 

Uniting the terms which are alike 

39a«i'a? — SaJ'o? — 46a'6a?=18ac— 66c + 30a"c. 

Separating the first member into factors 

(39a'6* — 8 o6'— 45 a* 6) a? = 18 ac — 66 c + 30 a" c, 

,. , . I8ac— 66c + 30a*c 

which gives x = ^^ ,,, — - — li An^h * 

2. Find the value of 0? in the following equation ; 

l3a—^—=2cx + d. 
2 c 

3. What is the value of a? in the following equation ? 

4. What is the value of x in the following equation ? 

_I^-.136c==|:i=|. 
5a? — 2a 26 — 1 

5. What is the value of a? in the foUowmg equation ? 

36c— 2ax 1 — 66 



1 
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XXIL 'MSsceOaneaus Exeanjptei producing Simple Equatiam. 

1. A mercbtot sent a venture to sea and lost one feurfh of it 
by shipwreck ; he Ihoti added $2250 to what r emumcA , and 
sent again. This time he lost one third of what he 'Sent. He 
then added $1000 to what remained, and sent a third time, and 
gained a sum equal to twice the thiid venture ; his whole re- 
torn was equal to thvee times bis first venture. WlM, was 'the 
value of the first venture f 

2. A man let out a certain sum of money at 6 per cent, sim- 
ple interest, which interest in 10 years wanted but £12 to be 
equal to the principal. What was the principal f 

3. A man let out £98 in two difierent parcels, one at 5, and 
the oUier at 6 per cent, simple interest ; and the interest c^ the 
whole, in 15 yectfs, afflotnted to £81. What were the two par- 
cels ? 

4. A shepherd driving a flock of sheep in time of war, met a 
ccHupany of soldiers, who .plundered him of one half the sheep 
he had and half a sheep over : the same treatment he received 
fi'om a second, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep he had left and 
one half a sfaeep over. At last he had only 7 sheep left. How 
many had he at first ? 

5. A man bein^ asked how many teeth he had remaining^ 
answered, three times as JinaBjr as he had lost.; ««! beiK adied 
how Hran^ he had lost, answered, as many as, being mimiplied 
into } part of the number he heA left, would giv^ Ihd number 
he had at first. Row many had he remaining, and how many 
had he lost f 

After this question is put into equation every teim may be 
divided by x» 

6. There is a rectangular field whose length is to its breadth 
as 3 to 2, and the intiiiAer of square fods in tbettold iseiiual to 
6 times the number of rods round it. ^Required Uie length and 
breadth of the field. 

7. What two numbers are those, whose cfifference, sum, and 
product, are to each other, as the numbers 2, 3, and 5 respee- 
tively f 
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8. Generalize the above by putting a» 6, and c instead of 2, 
3, and 5 respectively. 

Let 0? = the greater 

and y = the less. 

* 

Then 

1. a?— 3f = |(j?4.-y) 



2. 



X — y=r— «y 



3. by the first y = 



4. by the 2nd y=i: 



ia? — ax b — a 

ft -|- a 6 + a 



or 



ax-^-c 



ax-^-e ft + a 
e b — a 



5. by 3d and 4th 

6. dividing by a? 

aX'\-e ft + a 

7. clearing of fractions be^ae=zabx — ifx^bc — ac 
S. by transposition abx — a* a? = 2 a c 

9. from the 8th (ft — a) x = 2e. 

10. «= ^^ 



11. putting 10th into 3d y = 



ft — a 
ft — a 2c _ 2c 



ft -|-o 6 — a i+ a 



Solve the 7th Ex. by these formulas ; also try other num- 
bers. 

9. When a company at a tavern came to pay their reckcMi-- 
ing, they found that if there had been three persons more, they 
would have had a shilling apiece less to pay ; and if there had 
been two leas, they would have bad to pqr a shilling apiece 
more. How many persons were there, and how much had 
each to pay ? 
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ID. A sfmn of meney is to b^ divided ^qoally fUttong % cer- 
tain number of persons. Now if there fvei« -diree ^humanis 
less, each would receive 150 dollars more.; and if 4here were 
6 more, eaeh would receive 120 dollars less. How many per- 
sons are there^ and how much is each to receive ? 

11. What fraction is that, to the numerator of which if 1 be 
afdded, its value will be ^, but if 1 be added to its denominator 
its value will be \. 

1%. Wbat faction is that, to the numerator of which if a be 
added, its value will be ^ but if a be added to its denomina- 

tor its value will h^JL3 

9 

An9. Numerator ^^ ^^ ' f^ 

DenoiAiiiator °"^+g). 

m q — np 

Solve the 1 1th example by these formulas. 

13. What fraction is that, from the numerator of which if a 

be subtracted, its value will be ^, but if a be 4nibtracted frc»n 

n 

its denominator, its value wiH be ^ f 

9 
N. B. The answers to the 12th and 13th differ only in the 

signs of the denominators. The learner will find by endeavour- 
ing to solve particular examples from these formulas, that he 
will not always succeed.*- If in making examples for the 12tk, 
he selects his numbers, so that npis greater than m jf, the for* 
mula will fiiil ; but if he takes the same numbers^ and applies 
them according to the conditions of the 13th, they will answer 
those conditions. When m o is greater than n p the numbers 
will ii0t flttk the conditions of the 13th, but they wiU answer to 
those of the IdA. The iftumben io «xaln|de 11th wiH not foim 
anexanqpfle aoeording ^ the ISth. Vi& ibUowing nattdbers 
will form an example for the 13th but not for tbe ISth. 



14. What fraction is Ihat^ from the iiiiaieTator of which if 
3 be subtracted, it» value wiU be f, but i£9 be subtracted Snhd 
its denominator its valuQ will be -^j f 

The reason why Buiidl>er8 chosen indiscriminately will not 
satisfy tlie conditions of the above formulas will be explained 
hereafter. 

Equaiiam idth mveral Unknown Quantities. 

XXIII. Questions involving more than two unknoum Quan- 

Uties. 

Sometimes it is necessary tOr employ, in the solution of a 
question, more than two unknown quantities. In this case^the 
question must furnish conditions enough to form as many dis- 
tinct equations as there are unknown quantities. 

1. A market woman sold to one man, 7 apples, 10 pears, 
and 12 peaches, for 63 cents ; and to another, 13 apples,, 6 
pears, and 2 peaches, for SI cents ; and to a third, 1 1 apples, 
14 pears, and 8 peaches for 63 cents. She sold them each 
time at the same rate. What was the price of each ? 

Let 0? = the price of an apfite, 
y = « a pear,, 

2 := ^ a peach. 

Then we shall have 

1. 7 or + 10 y 4* 12 2) =^ «i 

3. lla?+ Uj+ 8;r = 63. 

The second being multiplied by 6, the z will have the same 
coefficient as in the first. 

4. 78a? + 36y+12«= 186 
1r« 7«+10y+12jr=s 6a 



■♦^■^^ * » 11 — ^w^^ 



5. 7I^c^r26y ♦ = 123. 

If thesecMd be multi|xKed by 4, thft 9 viH hai« the 
ooefficient aa the ad. 
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Algebra. 

52ir + 24y + 8z=124 
lla?+14y + 8a:= 63 



xxm. 



7. 41a?+10y * = 61 

We have now the two equations 7lx -^-261/ =z 123 

and 41 0? + 10 y = 61 

which contain only two unknown quantities. These may now 
be reduced in the same manner as others with two unknown 
quantities. 

Multiplying the 5th by 5, and the 7th by 13, the coefficient 
of y will be the same in boUi. . 

8. 355jc+130y = 615 

9. 533j?-f^l30y = 793 

10. 178 a? * = 178, 

We have now found an equation containing only one on- 
knowil quantity. 

178a? =178 

0?= 1. 

flitting the value otx into the 7th, it becomes 

41 + 10y = 61 

10y = 20 

y= 2. 

Putting the values of a? and y into the 2d, it becomes 

13 + 12 + 2z=r31 
2«= 6 
«= 3. 

Ans, The apples 1, the pears 2. and the peaches 3 cents 
each. 

In the same manner, questions, involving four unknown quan- 
tities, mav be solved. First conibine them two by two till one 
of the unknown quantities is eliminated from the whole, and 
there will be three equations with three unknown quantities. 
Then combine these tiiree two by two, until one of the un- 



;♦:<» 



known quantities is elinmiated, and then tlieve will- be tiro 
equations with two unknown qjaaatities^and so on. 

Either of the methods of elimination may be used as' is most 
convenient. 

It is not necessary that all the unknown quantities should 
enter into every eqiration* 

2. A market woman sold at one time 7 eggs, 13 apples, and 
a pie for 26 cents ; at another time 12 eggs, 18 pears, and 3 
pies, for 69 cents ; at a third time 20 pears, 10 apples, and 17 
eggs for 69 cents ; and at a fourtk time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at 
the same price as at first What was the price of each ar- 
ticle ? 

Let u = the price of an egg, 
X =. " an apple, 

y = « a pie, 

z =z " a pear.. 

1. 7u+l2x+ y==:26 

2. 12tt + 18 2f+ 3y = 69 

3. 17tt + 20z + 10a?=69 

4. 10 a: + 18a? + 7y = 66 

5. In the 1st, y = 26 — 7 m — 1? x. 

Plaiting liii» vataie of y into the 2nd and 4th, they becoiae^ 

6. 12tt+18« + 78— 2rtt — 36a? = 69 

7. 10z + 18a?-f 182— 49tt — 84it = 66. 

Uniting and transposing terms 

8. ISz — 9tt — 36«=— 9 , 
9- 10»— 49tt— 66a?:= — 116 

S- 20z+nu + lOx=^ 69 

If the 9th be multiplied by 2, the eoefficieiit otz will be the 
same as in the 3d; 

W. 202f — 98tt— lS2ap = r-232. 

10 . 
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*. 

Subtracting 10th from 3d 

3. 20z+17tt+ 10 a? = 69 

10. ftOz — 98m — 132a? = — 232 



11* * 115 t* + 142 a: = 301 

If the 8th be multiplied by 5, and the 9th by 9, the coeffi- 
cients of 2: will be alike. 

12. 90 ;r— 45i*— 180a? = — 45 

13. 902r—p441t« — 594^ = — 1044. 

Subtracting 13th from 12th 

14. 396 1« + 414 X = 999. 

Deducing the value of a? from 11th, and also from 14th. 

,. 301 — 115 t« 
16. X = 

142 

,« , 999 — 396m 
10. X = . 

414 

Making these values of x equal, we have an equation con- 
taining only one unknown quantity. 

999— 396 m 301 — 115 m 



414 - 142 

This equation solved in the usual way gives 

M = 2 

Putting this value of m into the 15th or 16th, we shall find 

1 

X =- 

2* 

Putting these values of x and u into the 1st, 2nd„or 4th, and 
we shall find 

y = 6. 

Putting the values of a? and u into the 3d, and we shall find 

z = \\. 

Jim. Eggs, 2 cents eacht apples, \ cent, pears, 1^ cent, and 
pies, 6 cents. 

* If the learner 18 at a loss how to subtract — ^S33 from G9 let him transpoiB 
both into the firtt memberi or some terms from the first to the second. 
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In this example, three difierent methods of elimination were 
employed. This was not necessary ; either method might have 
been used for the whole. It is sometimes convenient to use 
one, and sometimes the other. 

3. There are three persons. A, B, and C, whose ages are as 
follows; if B's age be subtracted from A's, the difference will 
be C's age ; if five times B's age and twice CTs age be added 
together, and bom their sum A's aste be subtracted, the re- 
mainder will be 147 ; the sum of all their ages is 96. What 
are their ages f 

4. Three men, A, B, C, driving their sheep to market, 
says A to B and C, if each of you will give me 5 of your sheep, 
I shall have just half as many as both of you will have left 
Says B to A and C; if each of you will give me 5 of yours, I 
shall have just as many as both of you will have left. Savs C 
to A and B, if each of you will give me 5 of yours, I shall have 

{'ttst twice as many as both of you will have left. How many 
lad each ? 

5. It is required to divide the number 72 into four such 
parts, that if the first part be increased by 5, the second part 
diminished by 5, the third part multiplied oy 5, and the fourth 
part divided by 5, the sum, difference, product, and quotient, 
shall all be equal. 

6. A grocer had four kinds of ivine, marked A, B, C, and D. 
He mixed together 7 gallons of A, 5 gallons of B, and 8 gal- 
lons of C, and sold the mixture at 91.21 per gallon. He also 
mixed together 3 gallons of A, 10 of C, and 5 of D, and sold 
the mixture at 91.50 per gallon. At another time he mixed 8 
gallons of A, 10 of B, 10 of C, and 7 of D, and sold the whole 
for 948; At another time he mixed together 18 gallons of A, 
and 15 of D, and sold the mixture for 948. miat was the 
value of each kind of wine f 

7. Find the values of u, x, y, and Zj in the following equa* 
tions. 

X — 2y-|-3ar = 5u 
3 a? — 15 — tt = 4y — 23 
2tt -f z — y = 27 
y+ 12 — 3a? + lltt = 91. 
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8. Three ip^'sons, A, fi, and C^ talking of ^len* ttumey, 
sajrs A to B and C, give me half of yom Bioney and I sludl 
Jiaive a susmd^ says B to A and C, give me otie (third of foax 
money and I shall have d; says C to A said B,^ve me one 
fourth of yom* money, and I shall have d. How much had 
each? 
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It sometimes happens in the com*se of a calculation, through 
some misconception of the conditions of the question, that a 
quantity is added which ought to have been subtracted, or a 
quantity subtracted which ought to have been added, in 
this case, algebra will detect the error, and show how to 
correct it. 

The length of a certain £eld is a, and itsiureadth b ; Imw 
much must be added to its length, that its content mvfbe^i 

Let X = the quantity to be added to the Jenglh. 
3%en a -^ A? = the length after adding cr. 

ab ^'bx =z€ 

bx=z c — ah 
e 
ib 

Suf^se die length to be 8 rods, and the breaddi 5 ; how 
much must be added to the length, that the field may contain 
60 square Todsf 

Here a 2= 8, & = ^ and >c = 60 

^60 J_Q_4 
6 

wf i». 4 rods, and the whole length will be 12 rods. 

■ . ■• 

Suppose the length 8 rods, and the breadth 5 ; how sQUCh 
must be added to the length, that the field may contain 30 
square rods ? 

6 
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The ansvferis^ — 2 rods. What ^shall we understand by 
ttfis negative sign f 

Xiet us return to the original equation. 

or 40 + 5 « = 90. 

Here ajppears an Absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must add 
— 2 rods, that is^ subtract 2 rods, which is in fact t^ case^ 
for 

40 — 5x2 = 30. 

Let Ibe question be proposed as follows. There is a field 8 
rods kmg and 5 wide ; how much must be subtracted from the 
length, mat the ^M may contain 30 square rods ? 

40 — 6« = 30 

x= 2. 

^fhie vidue of cr is now positive, which shows that the ques- 
tion is correctly expressed. 

There is a field 8 rods long and 5 rods wide, how much 
must be subtracted from the length, that the field may contain 
50 square rods ? 

40 — 5 a: = 50 

a? = — 2. 

Here again the value of a? is negative, which shows some in- 
consistency in the question. 

The inconsistency consists in supposing that something must 
be subtracted firom 40 to make 50. In order to correct it, sup; 
pose something added. That is, put into the equation -^ 5 x 
mstead of — 6 a?. 

Hitherto we have treated of negative quantities only in con- 
nexion with positive. They arise nrom the necessity of express- 
ing subtraction by a sign, because it cannot actually be per- 
formed on dissindkir quantities. They are only positi^ quan- 
tities subtracted, and in their nature they differ in nothing firom 
positive quantities. In that connexion we discovered rules for 
operating upon the quantities affected with the sign — -. 

It ma^ sometimes happen as we have just seen, that by soimf 
wrong supposition in the conditions of the questiofi, tfiie quan- 
tities to be subtracted may become greater than those from 

10* 
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which ihey are to be su];)tracted, in which case the whole ex- 
pression taken together, or which is the same thing, the result 
after subtraction, will be negative. This is what is properly 
called a negative quantity. 

A negative quantity cannot in reality be a quantity less than 
nothing, but it implies some contradicti<M|. It answers to a 
figure of speech frequently used. If it is asked, how much a 
man is worth who owes five thousand dollars more than he can 
pay, we sometimes say he is worth five thousand dollars less 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand dollars more than he can pay. 

If any thing is added to a number, properly speaking it must 
increase the number ; if we add nothing, it is not altered. ' I^ 
is impossible to add less than nothing ; but by a figure of 
speech we may use the expression, add a quantity less than no- 
things to signify subtraction. 

As these negative quantities may fi^quently occur, it is ne- 
cessary to find rules for using them. 

In me first place, let us observe, that all negative quantities 
are derived from endeavouring to subtract a larger quantity 
fix)m a smaller one. The largest number that can actually, be 
subtracted from any number, is the number itself. Thus the 
largest number that caii be subtracted fi-om 5 is 5 ; the largest 
number that can be subtracted fi-om a is a itself. If it be re- 
quired to subtract 8 fi-om 5, it becomes 6 — 5 — 3 =' — 3 ; the 
5 only can be subtracted, the 3 remains with the sign — , which 
shows that it could not be subtracted. If 5 be subtracted bom 
&y the remainder is 3, the same as in the other case except the 
sign. 

In the same manner, if it be required to subtract b Srom o, b 
being the larger the remainder will have the sign — ^ that is, 
a — 6 will be a negative quantity. 

Suppose b — a = m; then a — 6 = — m. That is, whether 
a be subtracted fi-om 6 or 6 fi-om a, the numerical value of the 
remainder is the same, differing only with respect to the sign. 

It is required to add the quantity a — b to c* 

The answer is evidently c -{•■ a-^b. 

Now if a is greater than &, the quantity C'\-a — 6, is greater 
than c, by the difference between a and b ; but if b is greater 
than a, the quantity is smaller than c, by the difference between 
a and &. lliat is, if 
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then a — 6 = -— m 

and c + o—- 6 = c — m. 

Hence, adding a negative quantity, is equivalent to subtract 
ing an equal positive quantity. 

In the above example of the field, in which the length was 8 
rods and breadth 5, it was asked, how much must be added to 
the length, that it might contain 30 square rods. The answer 
was — 2 ; which was equivalent to saying, you must subtract 
2 rods. 

It is required to subtract a — & firom c. 

The answer is evidently e — a -|- J. 

Now if a is greater than 6, the quantity c — a + b is less than 
c by the difference between a and 6, but if & is ^ater than a, 
the quantity is larger than c, by the same quantity. 

Let a — 6 = — m which gives — a-|-6=:»»i 

then c — a + 6 = c -|- m. 

Hence, subtracting a negative quantity, is equivalent to 
adding an equal positive quantity. 

In the example of the field, in which the length was 8 rods 
and the breadth 5, it was asked, how much must be subtracted 
fi'om the length, that the field might contain 50 square rods. 

The answer was — 2 rods, which was equivalent to saying^ 
that 2 rods must be added to the length. 

. A is worth a number a of dollars, B is not worth so much as 
A by a number b of dollars, and C is worth c times as much as 
B. How much is C worth ? 

B's property = o — 6. 
C's property =: ac — be. 

'Now if o is greater than 6, the quantity a c r— 6 c will be po- 
sitive ;. but if 6 is greater than a, then a — ft is negative, and 
also ae — 6 c is negative. 

Let b — ar:im. 

then be — ac=:cfn. 

and ae — ic=: — cm. 

or c(fl — 6)= — cm. 
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That is, if B is in debt, C is'e times ttstnuch in debt. Hence 
if a negative quantity be nuritii^iediby^ positive, the pw w hic t 
is negative. 

A gentleman owned a number a of fanns, and each fium was 
wordi a number c df dollars, whidi was Ms whdie prepe^. 
He hired monev and fitted out a mmiber h of vessefls., nnd ^am 
vessel was worai as much as one of his farms. AH 'fte vesseb 
were lost tft sea. How much was hre then worth. 

He was worth a — i times c dollars, lliat is, tr c —4 c dol- 
lars. 

Now if the number of farms exceeded the number of vesscAs, 
he still had some property, butif the nansber of vessels exceed- 
ed the number of farms, (vthat is, if <ft is largcsr diaa a,) iriie 
fMitity a c '— 64; is negative;, and he owed more than be could 
pay* 

Hence if a:pefiitiire<quaatity be mullij)lied4>y a mogative lh» 
product will be negative* 

Multiply a— 6 by c— d. 



Product «c — be — 'ai'\-lSl. 

TUs profloct Ym^ >be fNit in ithis fenn. 

(a— 6)c + (6— a)rf. 

Let it be remembered tiiait ra — h has the same numenc^l 
value as i — a, they differ only in Ihe sjgn. • 

Suppose a — ^6 = — m 

by changing all the signs b -^ a.= -f- m. 

HeiiC6^a-^6)£r|- (J — /]t)dvJ= — C4» -J-i?«i = m-{d — rc). 

Nowif'^is greater tfian^e, (whi<lh is live eoK Mrfaea c i^ibI ia 
negative,) the quuitity m{d — c) is poMtii^ 

Hence if a negative quantity be maltiplied by a negative^ 
the product will be positive. 

Another demonstration. Suppose both a — b and c -— c{ to 
be negative, as before ; then b — aand d'^^c will both be po- 
sitive, and their product will be positive. 






hd — b 6 — ud-^-ae. 

This product, is precisely the same as that produced by mul- 
tiplying a^^h by c — i. Thei^oie if two mgs^tive quaatilies 
^ be multiplied together, the product will be the same as that ckT 
two positive quantities of the same numerical value, and will 
have the posv^e agii. 

It is required to ind the seeotid ^wer of a-* fr, and also of 
h — a. 

The second power of each is a* + i* — 2 a J. 

Now if a — b is positive, then 6 *— a is4i€;gative ; or if «•*-& 
is negative, then i -^ a is positive. 

Suppose a — btzzm 

then h — a = — 1» 

we have (a -*- i)* = (6 — c)* = m*, 

Tbait is, the isiecond pow^ of any quantiQr, wliether positrre 
or negative, is necessarily pomtive. 

Hie rules for division will necessarily follow ttCfta those (riT 
mcdtiplication. 

Henoe the rules which apply to terms afiected nurith the sig» 
— • in isompound quantities, extend to isolated negative quaxH 
tities. 

We might also derive the same rules in the fbliowi^g man- 
ner. It has been shown that a negative quantity is derived 
from scHne contradiction in the conditions of ouestion, by which 
diat quantity entered into the equation witn the wrong sign. 
Now, in order to make it right, the sign of that quantity must 
he -changed in all places where it is i»ed. Tlmt is, if it was 
before added, it must now be siibtraeteri ; atid if it was scrb^ 
tracted before, it must now be «iUted, ^and llMt whtther mdti- 
plied by another quantity lor not. 

Suppose we have the equation 

4 

ax — 2a!' — ^iai^pr^t — tf. 
Now suppose that we have a? =: — w. 
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This shows that x was used in all cases with the wrong sign, 
therefore to insert — m in place oix we must change the sign 
in each term wher^ x is found. 

Take the quantity first without <r, thus, 

a — 2 — 2ah. 

First insert — m in the second term and it becomes 

a'\'2m — 2ai. < 

Now insert — m into all the terms, and it becomes 

— am — 2m* + 2o6m = c — d. 

If — m be inserted by the rule» found above, the same re- 
sult will be^ produced. 

When a negative value has been found for the unknown 
quantity, we tmve observed it shows that there was some in- 
consistency in the question. If then the unknowp quantity be 
put again into the same equation, with the contrary sign, as we 
introduced — m above, that is, if the unknown quantity be ta- 
ken with the negative sign, ahd introduced by* the above rules 
into all the terms where it was found before, a new equation 
will be produced, differing from the former only in some of the 
signs. Then if the conditions of the question be altered so as 
to correspond with the new equation, it will be consistent, and 
a positive value will be obtained for the unknown quantity. 
The new value of the unknown quantity however will be the 
same as the former, with the exception of the sim. There- 
fore, when once we are accustomed to interpret mis kind of 
results, it will be unnecessary to g^ through the calculation a 
second time. 

The following examples are intended to exercise the learner 
,in interpreting these results. 

1. A father is 55 years old, and his son is 16. In how many 
years will the son be one fourth as old as the father.^ 

Let d? = the number of years. 

16+ x=^l±I 

4 

64 + 4a?=:66-4-ir 

3a?=:66 — 64 = — 9 

a? = — 3. 
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Here a? has a negative value, consequently it entered into 
the equation with the wrong sign. Putting now — x instead 
of 0? into the equation, it b^omes. 

i/j ^ 55— j:. 

4 

This shows that something must be subtracted from the pre- 
^ sent age ; that is, the son was a fourth part as old as the fathef 
some years before. 
Tnis equation gives 

a?= 3. 

Therefore he was one fourth part as old 3 years before, 
when the father was 52, and the son 13. 

2. A man when he was married was 45 years old, and his 
wife 20. How many years before, was he twice as old as she i 

20-:r=:?^-^ 



2 

There is a wrong supposition in this question. Putting — x 
into the equation it becomes 

20 + x = 1i±^ 
^ 2 

0?= 5. 

This shows that she iVas not half as old as he when they were 
married, but that it was to happen 5 years afterward, when the 
man was 50, and the wife 26. 

3. A labourer wrought for a man 15 days, and had his wife 
apd son with him the first 9 days, and received $14.25. He 
afterwards vh-ought 12 days, having his wife and son with him 
5 davs^ and received $13.50. How much did he receive per 
day himself, and how much for his wife and son f 

4. A labourer wrought for a man 1 1 days, and had his wife 
with him 4 days, and received $17.82. He afterwards wrought 
23 days, having his wife widi turn 13davs, and received $38.78. 
How much did he receive per day for himself, and how much 
for his wife f 



. • 
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fr. A ktoirsr ^mm^ for a^ gioatleima 7 d»yi|. h|^ii4ag} his 
mie with^ him 4 daji9, and his 8G& 3 dftyg,. md*: rocoijiiMi $7.89« 
At another time he wrought 10 days^ having hiswi^ wilb him 
7 days, aiid his son 5 days, and received $11.65. At a third 
time he wrought 8 days, having his wife with him 5 days, and 
his son 8 days, and received $7.54. Hqw much did he re- 
ceive per day himseU^ and how much foir bis* wife and soir se- 
vemUy ? 

6. What number is that, whose fourth part et^eedlk* itn fttrd 
part by 16? 

* = f + 16 

jprr — 192. 

The queistion as it was proposed involves some conU^acfictioo. 
]hitting in — a; it becomes 

_? = _?+ 16, 
4 3- 

Changing all th« 8ic;<i8 

- = -— 16 

4 3 
X = 192. 

This shows that the cfuestion should have been as follows ; 
What number is thnl, whose third paft exeedds its^ fiMOth part 
by 16? 

7. What number is that, y\ of which exceeds f of it by 18 ? 

^ 8. What firactidn ig that, ta the numerator of which if 1 be 
added^. ils. value, witt be |> but if 1 b#.8dded t0 it9 denomuwlors 
U« value will be 4 ? 

9. What fraction is that, from the denominator of which, if 
2 be subUacted, it« value will be f ^, but if 3 be silbtracted 
from itfi^maaaFatOi^ its vahw will be f ? 

to. It \& required to divide the number 30 into two stioK 
parts, that if the larger be multiplied by 3, and the smaller by 
5, the sum of the pr^ucts will be 125. 
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11. It is required to ftid tmy numben, whose diffbrenee is 
25^ and such diat if the larger be multiptied by 7, and tfato 
snuiller by 5, the difference m their products shall be 215 f 

XXV. Expianation of^ JVegaiive Exponents^ 

It was observed above, that when the dividend and the divi- 
sor were difierent powers of the same letter, divisicm is per- 
formed by subtracting the exponent of the divisor fitomthatof 
the dividend : thus 

M It, 

Now - = 1. By the above principle - s: a*"^ s a° ; there- 
a a 

fore a*= 1. 



Al80~=a'-» = a«=:i; ^=6'-^ = y = l; 
I0^10--l(f=:l;|±| = (a + ft)- 

=:(a + 6)»=:l» 

That is, any quantity having zero for its exponent, is equal 
to 1. 

Agam .—.=:-, or -L. = a*^ = a ' 
cr a a 

a' a* 

Hence it appears Uiat a"'* has the same value as 1« and qT^ 

a 

as ---• 
a* 

Hie quantities a', a*, rf, a% or', a""*, a""*, &c. have the same 

1 1 1 * 
value :a8 a', a*, a*, 1, 1, JL, -ij, dx. 

a cr cr 

* Exponents may be used Sox eompomid quantities as well as fi>r rimple ; 
and multiplication and dmsion may be performed en those which are simil^i 
by adding and subtracting the exponents. 

11 
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Qn^this principle the deiKMiiinator of a fraction, or any fiic^ 
denon 

_„ ^_nenttiie stsn 

vefy convenient ; I shall therefofe give a few examples of its 



tor of the denominator may be written in the numerator by eiv- 

is one 



ing its exponent the sign — . This mode of notation is often 

very conven 

application. 



2«=2fl*r.=2«J-c-. 



if Multiply \J± by Vt. 

By the commo&rule 1± x b'e = il*l^=.lf*L. 

b <r hi? e 

By the principle explained above, 

2ab-W* X 6»c=2a6-*+'c-*+' =:2abW' = ?f!^. 

c 

2. Multiply3ac-»d-^ by 3a*c*d*. 

3. Multiply 5 a -• c "•• by 2ac'. 

4. Multiply liM by 3a* c». 

^^ 2cfe 

5. Multiply 2 a (6 + d) -• by 3 o (6 + i)\ 

6. Multiply -_.?^l-_ by 8c»(2a— 6ift' 

7. Divide ^ by c\ 

By the common method _ -^ c* = — . 

By the above method 3ac~*-T-c* = 3ac'^"^ 

r 
Or thus, to divide 3 a c'^ by c*, is the same as to multiply it 
by ^ or c ~^, which gives the same result. 
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8. Divide ^^ by a»(26— c)». 

9. Multiply 1? . by ±1. 

?^ = 3 a c -^ d -' and 4^ = 4 e c -^ rf -^ 



iff 



10. Divide ^ by ^* 



_ 2o' + »ft--'c"*»*d"^'<'' _ 2fl'&"" ^2a' 

3 "~~3 Tf"* 

In this example the exponents to be subtracted had the 
rign — , which in subtracting was changed to -|— 

11. Multiply 3«(tg— rf)' by _-IfL2L_. 

^^ 26c ^ 3(6c — d)* 

12. Multiply ^-^' , by ^^ jfr/^)'. 

13. Divide ^^^'f^^7^)' by 45a-(6c-2)' 

16 6* c' ^ 24 6* c* 

14. Divide ^'(^7^ + f,^^ by ^a'Cl^^ + f^)'. 

(a_6)' ^ 4 (a — 6)* 

XXVI. Esioxninaiwa cf Gentrai Formulas. 

When a question has been fesolved generally, that is, by le* 
presentbg me known quaptities bv letters, we sometimes pro- 
pose to determine what values the unknown quantities will 
take, for particular suppositions made upon the known quan- 
tities. 
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The two following questions offer neaityall the circum- 
itances that can ever occur in equations of me first d^ree^, 

A C B 

Two couriers set out at the same time fircxn the points A and 
By distant jBrom each other a munber m of miles, and travel 
towards each other uniil they meet The coiuief who sets 
out jBrom the point A, travels at the rate of a miles per hour ; 
the other travels at the rate of i miles per hour. At what dis- 
tance fioHi the points A and B will they meet ? 

Suppose C to be the point, and 

Let X = the distance A C 

and y == the distance B C. 

For the first equation we have 

x-f-y = A B = m 

Since the first couiier travels co miles, at the rate of a miles 

p^ hour, he will be ^ hovrs vypon the road. The seoond cou- 

a 

rier will be X hours upon the road. But they travel equal 
o 

times; therefore, 

a h 
ay 

Putting this value of x into the first equation, it becomes . 

ay-^-byzizh.m 

bm 



y= 



/« + & 



^_. «y _. a^^ bm _ abm ^ am 
T b o+J 6 (a + 6) "" c+5' 

Since neither of the quantities in these values of a? andy ha* 
the sign — y it is imposrible for either value to become nega- 
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tive. Therefore whatever numbers may be put in plaee of a, 
i, and m, they will give an answer according to the conditions 
of the question. In fact, since they travel towards each other, 
whatever be the distance of the places, and at whatever rate 
they travel, they must necessarily meet. 

Suppose now that the two couiiers setting out fromthe poihts 
A and fi situated as before, both travel in the samd diiection 
towards D, at the same rates as . before. At what distances 
from the points A and B will the place of their meetiiig, C, 
be? 

A B C D 



Let J? = the distance from A to C, 
and y =: *' B to C. 

»— y = AC— BC = AB = m• 
The second ecmatioi expressing only the equality of Ihr 
time mil not be tuteied. 

^■V •■■■■ ^H» 

a b 
Solving the two equations as before, 



a 



ay— 6y = 6m 

^ a~6 
a bm abm am 



»_^Xy-.j-^— J j(^_i) a—b 

fiere the valuejs of x and y will not be positive unless a is 
greater than b ; mat is, unless the courier^ that sets out from A, 
travels faster than the other. 

Suppose a == 8 and & = 4. 

11* 



126 
Then 



8m ..^ 8itt- 






jxm. 



In this case the point C, where they come together, is dis- 
tant from A twice the distance A B. 

Suppose a smaller than b^ for example 

a = 4 and ft = 8. 

4«i 



V 



Then 



^=: 



y = 



4—8 
8m 



= 2 TO. 



Here the values of a? and y are both negative ; hence there 
18 iK^me absurdity in the enunciation of the question for these 
numbers. In fact, it is impossible Uiat the courier setting out 
from A^ and travelling slower than the other sliould overtake 
him. 

Let us put X and y negative in the two equations, that b, 

change their signs. 

-^ 

They become — a? -f- y = to 

X y 

a ft 



or 
and 



y — a? = TO 

X V 



The second equation is not affected by changing the sign ; 
and it ought not to be so, since it expresses only the equality of 
the times. 

The first equation becomes y — a? = m, instead of a? — y ;= 
TO, which shows that the point where they are together is nearer 
to A than to B, bv the distance from A to B. It must therefore 
be (m the other side of A, as at E. 



E 



B 



D 



r* 
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The enunciation of the question maj be changed in two 
ways so as to. answer the conditions of this equation. 

First, we maysuppose, that the couriers, setting out from A 
and B, instead of going towards D, go in the opposite direction, 
the one from A at 4 miles per hour, and the oui^ from B at 8 
miles per hour ; at what distance from the points A and B is 
the point E, where they ,come together ? 

0^ we may suppose that two couriers setting out from the 
same place E, one travelling at the rate of 4 miles, and the other 
8 per hour, have arrived at the same time at the points A and 
B, which are m miles asunder. What distance are the points 
A and B from E ? 

Suppose a = £. 



Then - x = 



y = 



(X f9t a III AIH 



a— ft a- — a 

htn b m am 

a — b a — a 



How is this result to be interpreted ? - 

Observe that in this case a and b being equal, the two cou- 
riers travel equally fiist, it is therefore impossible that one 
should ever pvertake the other, however far they may travel in 
either direction, and no change in the conditions can make it 
possible. Zero being ^yisor, then, is a sign oi impassibility. 

We may. observe that when there is any difierence, however 
small, between a and ft, the values of x and y will be real, and 
the couriers will come together, in one direction or the oth^r; 
and the smaller the difference, ^e greater will be the .distance 
travelled before they come together ; that is, the greater will 
be the values of x and y. 

Suppose a = 5andft=4f a — ft = 1, 

then a?=:^-=i5i» y=— = 4i»- 

1 ^1 

Again, Suppose a = 5, and ft = 4'6,a — ft = -6, 

toen X = — ^ = 10 m v = = 9 m. 

•6 ^ -6 



AgiUtt^ Suppose a := 5, and & == 4 * i>8| a — 6 s= * 03, 

AgCun^ Siippcwe a s: 5 and ft ^ 4*996, «--^ft == *0(K, 

then « = -l!? = 2500 ». 

•002 

1 

aiid 4-998 m^^gg^ 

Here observe, that as die difference between a and b be- 
comes very small, the values of a? and y beccmie very lii^^ lind 
the difference between them is always m» Hence, since the 
smaller the divisor the larger the quotient^ we may conclude, 
that when the divisor is actually zero, the quotient must be in- 
finite. From this consideralion, mathematicians have called 

the expression?, that is, a quantity divided by zero, a fymM 

of intmtjj. They tiierefofe say, that, both couriers tfttvelling 
equdly &8t,.the distance, travelled before they come tt^et&ear, 
is infinite. But as infinity is an impossible quantity, I prefet 
the term tmjfMMM&Je, as being a term more easily comprehended. 

I shall therefore call ? a symbol of ia^poMilitif, 

I£ a quantity be divided by an infinite or impossible quan- 
tity, die quotient will be sero^ If 6 be divided by ?, it be^ 

comes _. Multiply both numerator aiid denominator by 0, it 
d 



becomes ^ =: 0. In fact, since the larger the divisor, the 

a 
smaller the quotient, the dividend remaining the same, it fol- 
lows that if the divisor surpasses any assignable quantity, the 
quotient must be smaller than any assignable quaiiiity, or no- 
thing. 

One case more deserves our notice. It is when n = ft and 
m = ; in wUch case we have 
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X = 



y = — = *^^ — ^ 





If we return to the equations themielvet, they become 

«— y = 

a a 
Ftam the fint we iMive 

Substituting this value in the second 

•^Mi^ ^HM^ ^^MM^ • 

a a 

This last equation has both its members alike, and is some- 
times called an «I^ilicfl2 e^m^t^ The values of the unknoini 
quantities eannol be determined fiom it. In fiiet, since m b 
zero, both eouiiefs set out frcxn the same point. And siaee 
they both travel at the same rate, they are always together.. 
Thevefore there is no point where they can be said to cmne to- 
gether. The expression > is here an expresrion of an indeter- 

wimatt quantity. 

There aie somecases where an eqnessiei^of tlus Idiid is net 
a sign of an mdetefmioate quantity, but in these cases it arises 
firom a fitctor being common to the numerator and denomina-- 
tor, which by s(xne suppontions becomes zero, and lendeis the 

fraction of the form of . ; but being freed from that fiictor, it 
has a determinate value. 
The following expression is an example of it. 

When a = i, this expression becomes >. But both numera- 
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rator and denominator contain 'the fectoF a — h, which be- 
comes zero when a and b are equal. 

Dividing by a — » fr, the expression becomes 

a {a + h) 
~J ' 

which is equal to 2 a when a =: ft. 

It is necessary then, when we find an expression of the fimn 
-, before pronouncing it an indeterminate quantity, to see if 

there is not a factor, common to the numerator and denominar 
tor, which, becoming zero, renders the expression of this form. 

The example of the couriers fiimishes some other curious 
cases, for which we must refer the learner to Lacroix^s or Bour- 
don's Algebra. 

Let the learner examine the following examples in a simtiar 
manner. 

In Art. IX. examples 15 and 16, the following formulas, re- 
lating to interest, were obtained. How are r and ^ to be in- 
terpreted, when p is greater than a ; and how when a and p 
are equal .'^ 

ip ^P 

In Art. XXn. examples 12th and 13th, the following fim&o>- 
las were obtained. In what cases will the results become ne*- 
gative, and bow are the negative results to be interf^eted i ^ 

12th. Numerator ^"*±5) 

. i» y — r np - 

Denominator *'"^^ + g). 

mq — np) 

J3th. Numerator «>(«» + «) 

np—nq 

Denominator iiil£±4 
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It is requited to divide a given number a into two such parti, 
that if r timed one part be added to s times the other pait, the 
sum vnll be a given number i. 

Ant. The part to be multiplied by r is , 

r — $ 

and the part to be multiplied by s is ^HHHL.. 

I*— — f 

In what cases will one or both of these results be negative f 
Can both be negative at the same time f How are the nega- 
tive results to be interpreted f In what cases will either of 
them bec(xne zero f Can both become zero at the same time i 
What is to be understood when one or both become zero f In 
what cases, will one or both becooM infinite or impossible ? 

Can either of them ever be of the form . ? 
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1. A boy being asked how many chickens he had, answered, 
that if the number were multiplied by four times itself, the pro- 
duct would be 256. How many had he i 

Let 07 = the number, 

then 4 07 = {pur times the number. 

4a?Xa? = 4a* 
By the conditions 40::^ = 256 

ar» = 64 
That is a?a?=:64. 

This equation is essentially different firom any which we have 
hitherto seen. 

It is called an equation of the eecond degree, because it caor 
tains ^j or die second power of the unknown quantity. In or- 
der to find the value of a?, it is necessary to find what number, 
multiplied by itself, will produce 64. We know immediately 
by the table of Pythagoras that 8 X 8 = 64. Therefore 

X =: 8. An$. 8 chickens. 

Note. The results of these equations may be proved like 
those of the &st degree. 
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^. A h&f beiiig asked his age, answered, that if it were mul- 
^Ued by itself and fiom the product 37 weie suhtraoted, and 
the remainder multiplied by his age, the product wooU be 12 
times his age. l^at was nis age ? 

a?Xa? = a!^ («* — 37)a?=:x* — 37 a?. 

By the conditions 

ixf — 37a? = 12x, 

Dividing by «, ^ 

ci?* — 37=:12 

30 :si 1. Jim. 7 years. 

3. There are two numbers in the proportion of 5 to 4, and 
the difference of whose second powers is 9. What are the num- 
bers ? 

Let X = the. larger number, 

6 
The second power of — is 

By the cmiditions a^ — i — = 9. 

^ 25 

4. There are two numbers whose sum is to the less in the 
proportion of 15 to 4, and whose sum multiplied by the less 
produces 135. What are the numbers ? 

Let X = the less, and y = the greater. 
Then x+y-lll 

and X {x + y} = 13& 

The seemid^im y.z= — r-.-.^. 

Puttiiig this value of y into the first, it becomes 

. 135 — x^ I5x -^ 
x*y*- I II i n 1 1 .:ss L »■ » ilpc> 
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Hence it appears, that when an example involves the second 
power of the unknown quantity, the value of the second power 
must first be found in the same manner as the unknown quan* 
tity i9 found in simple equations ; and from the value of the 
second power, the value of the first power is derived. 

It is easy to find the second power of any quantity, when 
the first power is known, because it is done by multipbcation ; 
but it id not so easy to find the first power bom the second. It 
cannot be done by division, because there is no divisor given. 
When the number is the second power of a small number, tjie 
first power is easily fi>und hj trial, as in the above examples. 
When the number is large, it is still found by trial ; but a rule 
may be very easi'y found, by which the number of trials will 
be reduced to very few. The first power b called the root of 
the second power, and when it is required to find the first pow- 
er fi'om the second, the process is called extracting the root. 

It has been shown*, Art. XXIV. that the second power of 
every quantity, whether positive or negative, is necessarily po- 
sitive ; thus 3 X 3 = + 9, and also — 3X — 3 = + 9. So 
a X a = o', and also — a X — az=Lcf. Hence every second 
power, properly speaking, has -two roots, the one positive and 
the other negative. The conditions of the question will gene- 
rally show which is the true answer. 

XXVIII. Extraction of the Second Root. 

In order to find a rule for extracting the root, or finding the 
first power from the second, it will be necessary, first, to ob- 
serve how the second power is formed fit»n the first. 

Let a = 20 and 4=7; then a -|- J = 27. 
The second power of a + 6 is 

{a + b)(a + b)z=:a' + 2ab+b\ 
a' = 20 X 20 = 400 

aft = 20 X 7= 140 
aft=20X 7 = 140 ' 
ft" = 7 X 7 =: 49 
a*+2aft+6*=729. 

12 



134 MgOra. XKJm. 



Tbs prbducl in foiined ki preettii^ th6 suae nmnntf in the 
vmral mode of amll^jfiaikiQo, tis magr be mm, if the prodnete 
9ie written 4awn mb they w» JamiMi, mtlK>ai eixrpng. 



49 
140 
140 
400 



739 

Here we observe, 7 times 7 is 49, 7 times 20 is 140, 20 times 
7 is 140, and lastty 20 times 20 is 400. These added together 
make 729, which is the second power of 27* 

We obscarve, 

Ist. When the root or first power consists of two figures, the 
second power ewmsts of the second power of the tens^ plus the 
product of twice the tens by the units, phis the second power 
of the units. 

2d. The second power of 9, the largest number consisting 
of one figure, is 81 ; and the second power of 10, the smallest 
number consisting of two places, is 100 } and the second pow- 
er of 100, the smallest number consisting of three places, is 
10000. Hence, when the root consists of one figure, the se* 
cond power cannot exceed two figures ; and when the root 
consists of two figures, the second power consists of not less 
than three figures, nor more than four figures. 

From these remarks it appears, the^t we must first endeav^Hu* 
to find the second power of the tens, and that it will be found 
among the hundreds and thousands. 

Let it be required to find the root of 729. This number con- 
tains hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. ^20 X 20 is 
400, and 30 X 304s 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 from 729, and the remainder is 329. Tills must contain 
2 a & + b*y that is, the product of twice tke tens by the units, 
plus the second power of the units. If it contained exactly the 

•4 
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product 2 a i of twice the tens by the units, the units of the 
root would be found by dividing 339 by twice 20, or 40; for 
2ab divided by 2 a gives ft. As it is, if we divide by twice 20 
or 40, we shell obtain a qootieiit either exact, or toQ large by 1 
or 2. 40 is contained in 329, 8 times. Write 8 in the root 
and raise the whole to the secfmd power. 28 x 28 = 784, 
which is larger than 72dv !9ext try 7 in the }dace 6t 8. .27 x 
27 =z 729. Therefore 7 is right, and 27 is the tool required. 

The operation may stand as follows. 

729 (20 + 7 = 27 root. 
400 



329 (40 divisor. 
27 X 27 =: 729. 

What is the root of 1849 ? 

18,49 (40 + 3 = 43 root. 
16,00 



249 (80 divisor. 
43 X 43 = 1849. 

In thi» example, the second poirer of the tens will be found 
in the 18W. 30 X 30 = 900 ; 40 X 40 ==: 1600 ; 50 X 50 = 
2500. The greatest second power in 1800 is 1600^ the root of 
which is 40. Write 40 in the place q£ a (|aotienL Subtract 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 x 43 = 1849. Therefore 43 
is the root reqcnred. 

It is evident that the result will Ofot be affected, if instead of 
writing. 40 in the root at first, we omit the zero,' and then sub- 
tract die second power of 4, viz* 16 from the 18, omitting the 
two zeros which come under the odier period. . Then to fiHm 
the divisor, the 4 may be doubled, ttid the divisor will be 8 in- 
stead of 80, and the dividend must be 24, the right hand Sgote 
being rejected. 
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Operaiion. 



18,49 (43 root. 
16 



C2 



Dividend = 24,9 (8 divisor. 
^ fax 43= 1849. 

Examples. 

1. What is the root of 1444 ? Ant. 38. 

2. What is the root of 7396 ? 

3. What is the root of 361 P 

4. What is the root of 3249 ? 

5. What is the root of 7921 ? "j^ f^ 

6. What is the root of 8281 f ^ 

The second power of a -j- i + c, or (a -f-6 4" (^ + * + ^^ 

a«+2a6 + 6' + 2ac + 26c + c* = . . . . 

a*+2ab + V+2{a + h)c + d'. 

To find the second power of 726 
Let a = 700, ft ==20, and c = 6. 

a* = 700 X 700 = 490000 

2aft = 2 X 700 X 20 = 28000 

ft* = 20 X 20 =400 

2(a+ft)c=2x (700 + 20) X 6 = 8640 

t^ zz 6X6 = 36 



527076 



726 
726 

4356 
1452 
5082 

627076 
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The first three texms of the formula, viz. 

are the second power of «r -f- & ^ of the hundreds and tens, 
viz. 720. The. second power of 720 can have no siffnificant 
jfigure below hundreds, and Uie significant figures or the se- 
cond power of 720 and of 72 are the same ; the former is 
518400, the latter 5184. If fi-om the whole number 527076 
th^ two ri^ht hand figures be rejected, the number is 5270. 
This contains the second power of 72 and scHnething more, viz. 
a part of the product 2 X (700 + 20) X 6 =: 2 (a •!> &) c. 

The method of procedure then, is to find the largest root 
contained in 5270. The first three terms of the above formula, 
viz. a* -^'2ab -\-li^y show, that this is to be found by the me- 
thod given above for finding a root consisting of two figures. 

62,70 (72 
49 



37,0 (14 
72 X 72 = 51,84 



86 ' 

The root is 72, and the i^nudnder is 86. Annex to this the 
two figures rejected above, and it becomes 8676. This con- 
tains 2 (a +fi)c -f (^ ; dmt i^; 

2 X 720 X « -f c?. . 

If 8676 be divided by 2 X 720 = 1440, the quotient will be 
eithet c or a number largef by 1 or 2. The z^o on the pght 
of 1440, and the right hand figure in the dividend may be 
omitted without ai&cting the quotient. The quotient is 6. 
Put 6 into the root aad raise Uie wh^e to die secoind powen 

726 X 726 = 527076 
12* 
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I 

r ' 

Operation. 

62,70,76 (726 = root 
49 



Ist. dividend- 37,0 (14 = Ist divisor. 

72X72 = 61,84 



. 2d dividend = 867,6 (144 = 2d divisor. 
. 726 X 726 = 527,076. 

There is, however, a method, which will save considerable 
labour in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the se- 
cond power, we may abridge it ver]r much by observing, that 
the second power of the 70, answering to a* in the formula, has 
already been found and subtracted ; merefore it only remains 
to find 2ab -^-b^j and subtract it also. But the 140 is 2 a, and 
the figure 2 found for the root answers to b ; therefore if we 
add 2 to 140, it becomes 142 = 2 a -f- &• If this be now mul- 
tiplied by 2 or 6, it becomes 

2 X 142 =264 = 2 aft + 6*. 

This completes the second power of 72, which, subtracted 
from 370, leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
serve that the 2d power of 720 or a' -f- 2 a& -|- ft' has already 
been found and subtracted ; it only remains to find the other 
parts^ viz. 2 (a + ft^ c -|- c*. The mvisor 1440 answers to 2 
^a -j-ft). Add 6, tne figure of the root iust found, to this, and 
it becomes 1446, answering to 2 (a -{- ft; -|- c. If this be mul- 
tiplied by 6, it becomes 1446 X 6 = 8676 z=:2{a + b) c + if. 
This completes the second power of 726, whicfh, suotracted 
from 8676, the number remaining in the work, leaves nothing. 
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JBxtraction 4^th Second Root. 
Operation. 
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» 


62,70,76, (726 root 
49 


1st dividend 


370 14 1st divisor. 
284 142 Ist multiplicand 

4 


2d dividend 


8676 144 2d divisor 
8676 1446 2d multiplicand. 



00 

The same principle will apply when the root consists of any 
number of figures whatever* 

What is the root of 533837732164 f 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreos, therefore the 
two right hand figures may be rejected for the present. Also 
the second power of the hundreds can have no significant fi^re 
below tens of thousands, therefore the next two may be reject- 
ed. For a similar reason the next two may be rejected. In 
this manner they may all be rejected two by two until only one 
or two remain. Be^ by finduig the root of these, and pro^ 
ceed as above. 

Operation. 

63,38,37,73,21,64 (730642 
49 



43,8 (143 
429 

93,7 (1460- 

9377,3 (14606 
-8763 6 

61372,1 (146124 
58449 6 



2922 564 (1461282 
29 22 564. 



After separating the fiffurss tm By two, as explained nbOve^ 
I find the greatest second power in the left band divisi<m. It 
is 49, the root of which is 7. I subtract. 49 from 53, and 
brin^ down the next two figures, which makes 438. Now 
considering the 7 as tenS) I pvoceed as if 1 weia finding^ the 
root of 5338 ;. thai is, I double the 7, wJueh mates 14 K>r a 
divisor, and see how many times it is contained in 43^, rejecting 
the 8 on the right. Ifind3time<s» I write 3 in the root at the 
right of 7, and also at the right of 14. I multiply 143 by 3, 
and subtract the product fi'om 438. I then bring down the 
next two figures, which make 937. I double 73, cnr, which is 
the same thing, I double the 3 in 143 ; for the 7 was doubled 
to find 14. Tnis gives 146 for a divisor. I seek bow; many 
times 14^ is contained in 93, rejedtine the 7 on the ri^ht, as 
before.. I find it is not contained at ril; I write zefo m the 
root, and also at tKe right erf* t46u i then bring down the next 
two figures. I sedi how many liiaea 14QQ ia eontained iot ^77^ 
rejecting the d^on'the riffht. I find 6 times* I write 6 m the 
root, and at the right of 1460, and multiply lASM by 6, ami 
subtract the product from 98773^ I then biiag doii^the nexlf 
two figures, and double the ri§^ hand figure <» the W multi* 
^ieand, and proceed a» before ; and so on^ till alKthe- figures 
are brought down. The dtoubltng of ihe ri|^t hwdv finre of 
the last multiplicand, is always equivalent to douUin^'ue root 
as far as it is found. 

Fr<Hn the above exanqples, we derive the following rule for 
extracting the second root. 

1st. B^inning flt the right, separate the number into parts of 
two figures ea£h. The hfi hand paiH may eensist of one or two 
figures, 

2nd. Find the greatest second jfouien mihe l^ handpart^ and 
write its root as a quotient in divisum. Subtract the second power 
Jhf^ the kft hafJpart. 

3d. Bring down the two next figures at the right of the remain- 
der. Double the root alreadu fowndfor a divisor. See how manjf 
times the diffisor is contanMm-Aemridendr^ectinff bright ham 
J^re, Writeihe result in the root, air A nght ^ the figure pre- 
rioushf found, and also at theright of the divisor, 

4th. . MuMphf tie divisor, thus augmentedj by the last figure 
of tie root, and subtract the product frdm the tohole dividend. 
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5th. Bring down the next two Agures a$ hfore^ to form a new 
dinidendf anddoubk the root aireaay founds for a dmeor^ and pro- 
ceed as hffore. The root tmU be douUed, y the right ha$id figure 
of the last divisor be doubled. 

If it happens that the divisor is not contained in the dividend 
when the right hand figure is rejected, a zero must be written 
in the root and also at the right of the divisor ; 'and the next 
figures must be brought dowii, and then a new trial made. 

If it happens that the fiffure annexed to the root is too small, 
it may be duMsovered as foHows. 

The second power ofa + lusa' + ^^ + ^« 

That is, if we have the second power of any number, the se- 
cond power of a number lar;^r by I, is found by multiplying 
the firet number by 2, increasmg the product by 1, and adding 
it to the power. For example, the second power of 10 is 100 ; 
the second power of 11 is 100 -f 2 X 10 -|- 1 = 121. The 
second power of 12 is 121 + 2 x H + 1 = 144, &c. 

If then the remainder, after subtraction, is equal to twice the 
root already found plus 1, or greater, the last figure of the root 
must be increased by 1. 

. In the last example, the first dividend was 43,8 and the di- 
visor 14 ; the figure put in the root was 3, and the remainder 
was 9. If 2 instead of 3 had been put in the root, the remain- 
der would have been 154, which is considerably larger than 
twice 72, and would have shown, that the 'figure shomd be ^ 
instead of 2. 

There are many numbers, of which the root cannot be ex- 
actly assigned in whole or mixed numbers. Thus 2, 3^ 5, 6, 
7, have no assignable roots. That is, no number can be found, 
which, multiplied into itself, shall produce either of these num* 
bers. This is the case with all whole numbers, which have 
not an exact root in whole numbers. 

This may be proved, but the demcmstration is so difllcult, 
that few learners would ccunprehend it at this stage of their 
progress. The proof may be found in Lacrmx's Algebra;. 
The' learner, however, may easily satisfy himself by trial. We 
shall soon find a' method of approximating the roots of these 
numbers, sufllciently near for all purposes. 
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Fractions are multiplied together by multiplying their nu- 
Meratore together, and their denominators together. H^ice 
the second power of a fraction is found by multiplyii^ the nu- 
merator into itself^ and the denominator into itself; thus the 

second power of | n | X | =: tI* The aeooiid power of 
^ is ^ X ;^ ^ ^ Hence the root of a firadkm is found 

by extracting the root of the Numerator, and of the deii(»nina- 
tor ; thus the root of |f is |. 

If either the numerator or denominator has no efsact root, 
the root ct the £racti<Mi cannot be found exactly. Thus the 
root of f f b between { and f or I. It is nearest to {. 

The denominator of a fraeti6n may always be sGndered a 
perfect second power, ao that its root may be found f and for 
the num^ral(Mr, the number which is nearest to th^ root must 
be tak«i. Suppose it is i!equired to find the root of |. If 
both terms of uie fraction be multiplied by 5, the vahie of the 
fraction will not be altered, and the denominator will be a per- 
ftet second power, 

The toot i$ nearest J.^ This is exact, within less than |« 
If it is necessary to have the root more exactly ; afier the 
fi»otion has been prepared by multiplving both its terms by 
tike denominator, we may again multiply bom its tenns by some 
number that is a perfect second power. The lajrger this nunn 
b^9 the more exact the result will geaeorally be. 

. if fcolh terms be multiplied by 144, which is the seoond 
power of 12, it becomes fif |, the root of which is nearest to 
If. Itiis is the true root witiiin less than ^V- 

We may apptcHumate in this way the roots <^ wiiole jaum- 
hfiB^ i/^boift roots eamMit be exactly assigned. 

If it is required to find the root of 2, we mm change it tq a 
fracti<m, whose denominator is a perfect second power. 

2 = \H 
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iFhe root of f|f k neaiek to || =r l^^,. Tim dtffen from 
the true r6ot by a quantity less than ^. If greater exactnew 
is required, a number larger than 144 may be used. 

1. What is the root of tVt ' •^*>'* A* 

2. What is the root of iff ? 

3. What is the root of 13f || = VV^ ? ^ 

4. What is the root of 28|f f f ^ " 

5. What is the* approximate root of f ? 

6. What is the approximate root of f | f < 

7. What is the approximate root of Sf f 

8. What is the approximate root of 17/^ f 

9. What is the approximate root of 3 ? 

10. What is the approximate root of 7 ? . 

11. What is the approximate root of 417 f 

The mpst convenient numbers to muhiply by, in order to 
approximate the root more nearly, are the second powers of 
10, 100, 1000, &c., which are 100, 10000, 1000000, &c. By 
this means, the^ results will be in decknals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 

\2 = Iff, the approximate root of which is }f = 1,4. 

Again 2 = f |J|f, the approximate root of which is |f f =: 
1.41. 

Again, 2 = f ff |f |«, the approximate root of which is ||f f 
= 1.414- 

in this way we may approximate the foc^ with isiifficieiit ac- 
cmacf fer every purpose. But we may observe, that at every 
approximation, two more zeros are amiexied to the number, in 
iact, if one zero is annexed to the root, there must be two an- 
nexed to its power ; for the second power of 10 is 100, th^t 
of li)OU 10000, &c. 

This tmbles m to approxkBoate the rodt by deeiioials, aad 
we may annex ttK» zeros as we proceed in the work, always an* 
9e:{ing two zeros Ibr eaph ntw figiro to be found in the root, in 
the sanote mmfuief as two figures im faougk down in whole . 
numbers. 
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The root of 2 then may be found as follows. r. 

2 (1.41421, &.C. root. 



10,0 (24 
96 

40,0 (281 
28 1 

11 90,0 (2824 
1129 6 

6040,0 (28282 
56 56 4 



3 83 60,0 (282841 
2 82 84 1 



c^ 



1 0075 9 

12. What is the approximate root of 28 } ' - 

13. What is the approximate root of 243 f 

14. What is the approximate root of 27068 ? / ^ - ^ 

15. What is the approximate root of 243f f 

243f = 243.AVT = '*inr = 'fmm% &c. 

The approximate root of which is VVVV = 15.6, &c. 

But it is plain that this may be performed in the same man- 
ner as the above. For if the number 243375000 be prepared 
ih the usual way, it stands thus ; 2,43,37,50,00. Now 

•HUUr =243.375000. 

If we take this number and besin at the units and point to- 
wards the left, and then towards we right in the same man- 
ner, the number will be sepourated into the same parts, viz. 
2,43.37,50,00^ The root of this number may be extracted in 
the usual way, and continued to any number of decimal places 
by annexing zeros. 
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N. B. The decimal point must be placed in the root, be- 
fore the first two decimals are used. Or the root must con- 
tain one half as many decimal places as the power, counting 
the zeros which are annexed. 

16. What is the approximate root of 213.53 ? /^, C f 'L 

17. What is the approximate root of 726f ? -^ -j^ r 

18. What is the approximate root of 17/^ i ^ {Ji ? 

19. What is the approximate root of 3|^ ? / (/ 

20. What is the approximate root of | .^ 

21. What is the approximate root of f ^. 

22. What is the approximate root of -^^-^ ? 

23. What is the approximate root of y^V? ^ . ^ 



J I 



XXja. Questions producing pure Equations of the Second 

Degree. 

. 1. A mercer bought a piece of silk for £16. 4s. ; and the 
number of shillings which ne paid per yard, was to the number 
of yards, as 4 to 9. How many yards did he buy, and what 
was the price of a yard ? 

Let J? = the number of shillii^s he paid per yard. 

9 X 
Then — = the number of yards. 

The price of the whole will be Z. — = 324 shillings* 

a?» = 144 
a? = 12 

i£ = 27. 

4 

Ans. 27 yards, at 128. per yard. 

2. A detachment of an army was marching in regular co- 
lunm, with 5 men more in depth than in fitmt ; but upon the 
enemy coming in sight, the front was increased by 845 men ; 
and by this movement die detachment was drawn up in 5 lines. 
Required the number of men. 

13 



9 
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t^et X t= the imMt>er in frbfit ; 

then 07 -^ 5 == thb number in depth ; 

V -|- 5 ir = the whole number of men» 

Again x + 845 = the nupiber in front after the movement ; 

And 5 a? + 4225 = the whdle number. 

a?* + 5a?=5a? + 4225 
x" =4225 
^ = 65 

The number of men = 5 a? + 4225 = 4550. 

3. A piece of land containing 160 square rods, is called an 
acre of land. If it were square, what #ould be the length of 
one of its sides? 

Let X b: onie side. 

a^=160 

X = 12649 + 

Ans. The side is 12.649 ^ rods. It cannot be found exactly, 
because 160 is not an exact 2d power. 

This is exact within less than ttVy ^^ ^ ^^* ^^ might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, contaming 17 acres? 

5. There is a field 144 rods long and 81 rods wide ; uriiat 
would be the side of a square field, whose content is the same ? 

6. A man wishes to make a cistern that shall contain 100 
gallons, or 23100 cubic inches, the bottom of which shall be 
square, and the height 3 feet. What must be the length of 
one side of the bottom ? 

7. A certain sum of money was divided every week among 
the resident members of a corporation. It happened one week 
that the number resident was the root of the number of dollars 
to be divided. Two men however coming into residence the 
week after, diminished the dividend of each pf the former indi- 
viduals 1^ dollars. What was the sum to be divided ? 

Let X = the number of dollars to be divided ; 



\ • 
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then x^ =. the fiumber of men roBidei^, i^d also the sum 
each received. 

The root of x is properly expressed by the fractional index 
i* For it has been observed, that wh^en the tame letter is 
found in two quantities which are to be multiplied together, 
the moltiplication is performed, as respects that letter, by 

adding the exponents. Tlius aXa = a*'*"*=a*; (x^ X ^ 

= a;* + ' = J?*, &c. Applying the same rule ; if x^ represents 

a root or first power, the^ second po^er or a?^ X a?^ =i x^ ' ^ 

= a?' or X, 

The second power of a letter is formed from the first by 
multiplying its expcment by 9, because that is the same as 
adding the exponent to itself. Thus a* x a' = ff* + ' = a* ^ * 
= a*. This fiurnid^es us with a simple rule to find the root of 
a literal quantity ; which is, to divide its exponent by 2. 

Thus the root of a* isa^ = a*^; the root of a* r=: a^ = a'; the 

root of a* is a' z=ig?^ dLC. By the same rule, the root of a' is 

cr ; the root of a* is a^ ; the root of a* is a^ ; the root of a 

is a^, &c. 

In the above example 
0? = the number of dollars to be divided ; 

and x^ = the number of men' resident; 

« — X X _. ^^ _- ^jjg number of dollars each received, 
and i i 

x" 0?" 

0?* + 2 = the number of men the succeeding week ; 
— f — = the number of dollars each received the latter week ; 

Hence by the conditions * ^ 
J _^ 4 ' X 
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3 ^ 3 

* — -4- 2 a?* — — rs OP 

3 ^ 3 

— — + 3^* _ ± = 
3 ^ 3 

3 - 3 

_ 4 a?*+ 6a?* =8 
2«* =8 
0?^ = 4 
ap* X a?* = cc* + * = a: = 4 X 4 = 16. 

Instead of making a? = the number of dollars, we xxx^t 
make, 

a;* = the number of dollars ; 

then a? = the number of men resident, &c. 

Then we have 



3 a? + 2 

. 4a? , c. 8 . 

a?* — — +2a? — — znaf 

3 ^ 3 

^ 4a? , g. , 8 

JT — -— +2x — a:* = 

3 3 



2a?= 8 

a? = 4 

cr» = 16. 

Ans. $16, asbeibie. 
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8. Two ij^en, A i^d B, lay out sopie money on speculation. 
A di^xMses of lus bir^in foe £U, and gains as much per cent 
as B lays out ; B's gam is £36, and it appears tbat A gain? 
four times as much per cent, as B. Required the capitd of 
each. 

9. There is a rectangular field containing 360 squared rods^ 
and whose length is to its breadth as 8 to 5. Required the 
lenffth and breadth. 

10. There are two square fields, the larger of which contains 
13941 square rods more than the smaller, and the proportion 
of their sides is as 15 to 8. Q^uired the sides. 

11. There is a rectai^ukr room, the sum of whose kngth 
and breadth is to their SfTerence as S to 1 ; if the room were 
a square whose side is equal to the length, it would contain 
128 square feet more than it would, if it were only equal to th^ 
breadth. Required the length and breadth of the room. 

12. There is a rectangular field, whose lencth is to its 
breadth in the proportion of 6 to 5. A part of this, equal to | 
of the whole, being plantedy there remain for plougliing 625 
square yards. What are the dimensions of the neld r 

13. A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in the 
proportMB of 4 to 5. Each man received one third as many 
shillingms there were persons relieved ; and each woman re- 
ceived twice as many shillings as there were women more than 
men. The' men received all together 18s. more than the wo- 
men. Sow tnaHy were there ofea.ch f 

14. A man purchased a field whose length was to the! 
breadth as 8 to 5. The number of dollars paid per acre was 
equ^ to the number of rodis in the length of the field ; and ihe 
number of dollars given for the whole, was equal to 13 times 
the nimiber of rods round the field. Required the length and 
breadth of the field. 

15. There is a stack of hay whose length is to its breadth- as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it b feet in breadth ; and die 
whole is worth, at that rate, 224 times as many cents as th^te 
are square feet on the bottom. Required the dimensionis o^ 
thestSack. *"" 

13* 
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16. There is a field containing 108 square rods, and the 
sum of the length and breadth is equal to twice the difference. 
Required the jength and breadth. 

17. There are two numbers whose product is 144, and the 
quotient of the greater by the less is 16. What are the num- 
bers ? 

XXXI. Qy^tiom producing Pure Equations of the Third 

Degree. 

1. A number of boys set out to rob an orchard, each carry- 
ing as many ba^ as there were boys in all, and each bag ca- 
pable of containing 8 times as many apples as there were boys. 
They filled their bagSj and found the whole number of apples 
i^5as 1000. How many boys were there ? 

Let X =. the number of boys ; 
then a? X a? = a?* = the number of bags ; 
and 8 a? X a?* = 8 a?' = the number of apples. 
By the conditions 

^ 8a?' =1000 
a?'= 125 
or xxx = 126.^ _ 

In this equation, the unknown quantity is raised to the third 
power ; and on this account is called an equation of the third 
degree. ♦ 

In order to find the value of x in this equation, it is necessa- 
ry to find whatnumber multiplied twice by itself will makeiii.* 
By a few trials we find that 6 is the number ; for 

5 X 5 X 5 = 125 
therefore a? = 5. Am. 5 boys. 

2. Some gentlemen made an excursion ; and every one todk 
the same sum of money. Each gentleman had as many ser^ 
vants attending him as there were gentlemen ; and ^e num- 
ber of dollars which each had, was double the number of all 
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the servants ; and the whole sum of money taken out was 
$1458. How many gentlemen were there ? 

^ns. 9 gentlemen. 

3. A poulterer bought a certain number of fowls. The first 
year each fowl had a number of chickens equal to the original 
number of fowls. He then sold the old ones. The next year 
each of the young ones had a number of chickens equal to 
oiice and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls purchased at first ? 

It appears that in equations of the third degree, as in those 
of the second degree, the power of the unknown quantity must 
first be separated fi^om the known quantities, and made to stand 
alone in one member of the equation, by the same rules as the 
unknown quantity itself is separated in simple equations* 
When this is done, the first power or the root must be found» 
md the work is finished. 

Extraction of the Third Root. 

The third power of a quantity is easily fomid by multiplica- 
tion, but to return fi-om the power to the root, is not so easy. 
It must be done by trial, in a manner analogous to that em- 
ployed for the root of the second power. 

We shall hereafter have occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
them the more readily, we shall call the root of the second 
power, the second root of the quantity ; that of the third power, 
the third root, that of the fourth power, the fourth rooty <&c. To 
preserve the analogy, we shall sometimes call the root of the 
first power, the first root. 

N. B. The first power, and the first root, are the same 
thing, and the same as the quantity itself. 

It always has been, and is still the practice of mathemati- 
cians, to call the second root tiie square root^ and the thind 
root the cube rooty and sometimes, though not so universally, 
the fourth root the btrouadrate root. But as these terms are 
unappropriate, they win not be used in this treatise. 

When the root consists of but one figure, it must be found 
by trial. When the root consists of more than one place, it 
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mii8t sAin h0 Ibund by trial, but rules may be made, lyl^iph w^ 
reduce, the number of trials to very few, a9 has b^en df^ 
above for the second root. 

I^ order to find the rules for extracting the third root, it will 
be necessary to observe how the diird power is fbnned irom tfie 
first^ when the first consists of several figures. 

Let a = SO and 6 =: 5 ; then a -f- ft = 35* 

(a + J)' = a' + 3a*6 + 3ii 6* + A», Art. XIIL 

a» = 30 X 30 X 30 = 27000 

Q€fb==: 3X30X30X5 =13500 

3a6*= 3x30x 5x5 =r 2250 

6' = 5 X 5 X 5 z= 125 



42875 



Hence it appears, that the third power of a number consist- 
ing of units and tens, contains the third power of the tens, 
plus three times the second power of the tens multiplied by the 
units, plus three times the tens multiplied by the second power 
of the units, plus the third power of the units. 

Farther, the third power of 10, which is the smallest number 
with two places, is 1000, which consists of four places ; and 
the third power, of 100, is 1000000, which coni^sts of seven 
places. Hence the third power of tens will never be less than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will uoi 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figuie below 
1000. • 

To trace back again the number 42875, the root of die tens 
will be found in the 42000, and this must be found by tool. 

30 ^ 30 X 30 = 27000, and 40 X 40 X 40 = 64000. 

The largest thiid power in 42000 is 27O00, the root pf which 
is 30. Now 1 subtract 27000 firtim 42875, and the remaipd^ 
is 15875, which contains the product of three times )tbe secowl 
power of the tens by the units, pips, &c. If it contained exr 
actly'three times the second poi^^er of the tens multiplied by 
the units, the units of the root would be found inu^ediately by 
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diyiding this remainder by three times the second power of the 
tens; for 3 a* & divided by 3 a' gives b. As the oth^r parts 
however will always be small in comparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will he limited to very few. 

30 X 30 = 900, and 900 X 3 = 2700 and 15876 divided by 
2700 gives 5. I now add the 5 to the root and it becomes 35. 
To see if this is right, I raise 35 to the third power. 35 X 35 
X 35 = 42875, therefore 35 is the true roiot. 

4. What is the third root of 79507 ? 

Operotton^ 

79,507 (40 + 3 = 43 root 
64,000 



15,507 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 = 79,1^07. 

As the number consists of five places, the power of the tens 
must be sought in the 79000. 

The greatest third power in 79000 is 64000, the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the second power of 40, viz. 
4600, and obtain a quotient 3, which I add to 40. I raise 43 
to the^ third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a smaller or larger 
number in place of 3 and tiy it again. 

5. What is the third root of 35791 If 

6. What is the third root of 5832 ? 

7. What is the third root of 941 192 ? 

8. What is the third root of 34965783? 

It was observed above, that the third power of 10 is 1000 ; 
the third power of 100 is 1000000 ; that of 1000 is 1000000000|, 
Slc. That is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number consist- 
ing of two places cannot contain less than 4 places nor more 
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than 6 ; tlmi of ^ places eannot contain 1(388 than 7 nor B»9fe 
than 9 places, &c. 

Hence we may know mmediately of how many piaees Iha 
third root of any given number wiU consist, by ^»^nning.«l 
the right and separating the number into parts of 3 places 
each. The left hand pArt will not always contain S places. 

In the present ii^stance, the number 34,965,783, thus divided 
consists of three part^, therefore the root will contain 3 places 
or figures* 

In the formuila {a -f ft)' = o» + 3a*6 + 3 a6» + 6% if we 
consider a as representing the hundreds of the root, and ft the 
tens and units, we observe that the third power consi$.ts of the 
third power of the hundreds, plus 3^times the second power of 
the hundreds, multiplied by the units and tens, &c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root. 

The largest third power is 27,000,000, the root of which is 
300. Subtracting 27,000,000 from the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a* ft, that is, S 
times the second power of the hundreds by the tens and units, 
the other two figures of the root might be found immediately 
by division. As it is, it is evident^ that it will enable ^s( to 
judge very nearly what the next figure, or tens, of the root 
must be, and its correctness must be proved by tnal. 

300 X 300 X 3 = 270000. 

7,965,783 divided by 270000 ^ves for the first figure of the 
quotient % which being the tens is 20. This added to the root 
dready found makes 32Q. 

If in the above formula, we consider a as representing the 
hundreds and tens instead of the hundreds ; and ft as repre- 
sentuig the units ; it shows us that the power contains the third 
power of the hundreds and tens, plus 3 times the second power 
of the hundreds and tens multiplied by the uni^, &c. In the 
present instance a = 320. If now we subtract the third power 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second 4x>wer of 329, we shall find the 
other figure, or unitSi of the root When we have raised 330 
to the third power, we can ascertain whether the s^ond figimj 
Sisrig^t. 
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320 X 320 X 320 =; 32768000. 

This subtracted from 34965783 leaves 2197783. 

320 X 320 X 3 = 307200. 

2197783 being divided by 30720P gives a quotient 7. This 
added to 320 gives 327 for Uie root. 

327 X 327 X 327 = 34,965,783. 

Therefore the result is correct. 

If the root consists of four or more places, the same mode 
of reasoning may be pursued by makmg a first equal to the 
highest figure in the root, and b equal to all below, ukitit the 
second figure of the root is obtained, and then making a equal 
to die two f^ures already obtained, and b equal to the rest, 
and so on. 

The work may be considerably abridged by omitting the 
ieroB in th^ work, and also the numbeis under which they fall. 

The work of the above example will stand thus. 

Root 
34,965,783 (300 +20 + 7 = 327. 
^27,000,000 3d power of 300 

1st divid. 7,965,783 (270,000 1 3S)^^o X^ 

— 32,768,000 3d power of 320 

?d divid. 2,197,783 (307,200 [ ^q'x^O xl 

34,965,7^3 = 3d power of 327. 
The same without the zeros. 

34,965,783 (327 
^ power of 3 27 

■ ■ ' II — — ^i— 
r«t dhrlctend 7,9 (37 Ist diviaor = 3* K 3 

3dpo««rof32 38 768 ■ 

Sddrridend 2 197,7 ^(3072 \-f^^n 
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As the third power con have no significant figure below 
1000000, and as ttie third power of 300 and 3 have the same 
significant fisures, I raise 3 to the 3d power and subtract it 
from 34, as if it stood alone. Then, to form the divisor, hun- 
dreds are multiplied by hundreds, therefore there can be no 
significant figure below 10000. And it being the tens of the 
root that are to be found,- it is suflicient to bring down one 
figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and subtract it from 34,965, omitting the la:st pe- 
riod, because the third power of the tens can have no signifi- 
cant figure below 1000. 

To rorm the second divisor I multiply the second power of 
32 by 3. For the dividend, it is sufiicient to bring down one 
figure of the last period to the right of the remainder, because 
ti^ divisor,- being tens, multiplied by tens, can have no signifi- 
cant figure below 100. 

JVote. The second power of the 32 wa^i found in finding its 
third power. 

If it happens that the divisor is not contained in the dividend, 
. a zero must be put in the root, and then the next figure must 
be brought down to form the dividend. 

r 

Hence we obtain the following rule for finding the third 
root. 

Prepare the number by beginning at the right and separating it 
into parts or periods of ikreis figures eachy putting a comma or 
point between. The hp, hand period may consist of one, two^ or 
three figures. 

Find the greatest third poufer in the left handperiody and unite 
the root in the place o/* a quotient. Subtract the power Jrom the 
period. To the remainder oring down the first figure of the next 
period for a dividend. Multiply the second power of the root 
already found by threes to form a divisor. See how many times 
the divisor is contained in Ste dividend^ and write the result in the 
root. Raise the rooty thus augmented^ to the third gfiiwer. If this 
is^eater than the first two periods j diminish thequotient byime or 
mwrcy until you obtain a third power y which may be subtracted from 
the first two periods. Perform the subtractiany and to Ae right of 
'Ae remainder bring down the first figure of the next period to 
form a dividend and divide it by three times the second power of 
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Slen fWM tha^uJmt voai mq founds to the. tkrd power; atut ^ c( 
tf nioi too lat^e^ subtract it from the first three pmods; ^*it,is too 
large^ diminish the root asbrfore. To the remainder bring down 
the first figure of the fourth pemd, 9nd perform the same series 
of ooerations as bfore. 

Jjf at a»y time ft sboyl^ ha]gfe% thdst ih& dividend^ prepared as 
above, does not contain the dtmsor, a zero, must be jmc^ in the 
root, and the next figure brought dovm to form the dividend' 

We explaiip^ a method in the extiw^tion of the second root, 
more expeditious than to raise the rool to the second power 
every time a new figure is obtained in the foot. A similar 
method-maj ]^ (p^oA fv ^ tfajj^d^ roPk though it i& rather dif- 
ficult to be remembered. 

Let a = 30 and i = 7 ; then 
(a + by= (37)» = a' + 3a*b + Sab* + k*=i 60653 

To find the third root of 50653, find the fiist ggure (^ the 
root as explained above. Then form the divisor as above, and 
find the second figure of the root. Then instead of raising the 
whole to the third power, it may be completed fix)m the wcMrk 
already done. The third power of the first figure being found 
and subtracted, the remaining part is 

S<fb + 2ab* + b^7=^b{3a* + 3ab + b*). 

But the 3 a' has already been found for the divisor. 

We must now find Sab and b* ; add all together, and multi- 
ply the sum by i, and the third power will be completed. 

Operation* 

3a*= 3X30X30 = 2700 50,6 53 (30 + T = 37. 
3a6 = 30X 7X 3= 630 27 



A«=: 7y 7 z= 49 23^6,53 (2700 = 3 a«, 

7x3379:?:i^6»5^ 

9. What is the third lool of 34,965,783 i 

14 
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We have seen above, that when the root is to consist of seve- 
ral figures, the same course is to be pursued as when it consists 
of only two. 

Operation. 

3 a* = 270000 34,966,783 (300 + 20 + 7 = ^27. 

2ah=z 18000 27 

6* = 400 



288400 67 68 



79,65 (2700 1st divisor. 



20 = 6 



6768000 21 977 83 



21977,83 (307200 2d divisOT.. 



3(a» + 2o6 + 5«)=: 
3a*+2x3a6 + 3i» 

3 a* = 270000 

2X 3a6= 36000 

36*= 1200 



2d divisor 307200 = 3 X 320 X. 320 

3 o» = 307200 

3o6= 6720 

6«= 49 



311969 
6= 7 

2197783 

Examples. 

10. What is the third root of 185193 i 

11. What is the third root of 8366427 i 

12. What is the third root of 77308776 i 
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13. What is the third root of 1990865512 f 

14. What is the third root of 513,345,176,343 ? 

16 What is the third root of 217,125,148,004,864 f 

XXXII. The third power of a fraction is found by raising 
both numerator and denominator to the third power. Thus 
the third power ofJis|xfXf= tYt* 

Hence the third root of a fraction is found by finding the 
third root of both numerator and denominator. The third of 

84 4 

Examples, 

1 . What is the third root of | J| ? 

2. What is the third root of ri^v f 

3. What is the third root of 3ft J = VW ? 

4. What is the third root of 30H||| ? 

5. What is the third root of V ? 

It was remarked with regard to the seccmd root that, when 
« a whole number has not an exact root in Whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. Tlie «ame is true 
with regard to all roots, and for the same reason. 

Hence the third root of V cannot be found exactly because 
the numerator has no exact third root. The root of the deno- 
minator is 2, that of the numerator is between 2 and 3, nearest 
' to 3. The approximate root is | or 1^. 

6. What is the third root of f ? 

In this, neither the numerator nor the denominator is a per- 
fect third power ; but the denominator may be rendered a per* 
feet third power, without altering the value of the fraction, by 
multiplying both terms of the flection by 49, the second power 
of the denominator. 

3X49 _ J47 
7 X 49 343 " 
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The root of this is between 4 and ^, n^^tevi to the £>nfier. 

It is evident that the denominator of any fraction may be 
tendered a perfect third power, by multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
Approximated by converting the number into fi fractton, ^iFhose 
^nominator is a perfect third power. 

What is the third root of 5 i 

We may find this root exact within less than ^ of a unit, 
by converting it into a fraction, whose denominator is the third 
power of 12. 

(12)' = 1728 6 = HH- 

The root of f fff is between f f and \\ ; nearest the latter. 

The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, &c. in which case, the fractional part 
of the root will be expressed in decimals, in the same raann^ 
as was shown for the second root. The multiplication may be 
performed at each step of the work. For eadh decimal to be 
obtained in thie root, three zeros must be annexed to the num- 
ber, because the third power of 10 is 1000, that of 100, 
1000000, &c. 

7. The dnrd toot of 5 will be found hf Ais «ielhod as fol^ 
lows. 

5.000,000,000 (1.709 + 
3d power of 1 1 

1st dividend = 40 (3 Ist divisor. 

3d power of 1.7 4.913 

2d dividend = 870 (867 2d do. :i= 3 X (17)» 

dd do. 8700 (867 8d4o. 

3d power 1.709 as 4.991,443,^9 

remainder .008 556 171. 

The 3d root of 5 is 1.709, within less than j^Vt ^^^ unit. 
We might approximate much nearer if necessaiy. The other 
method explained in the last tirticle inaybe used if preferred. 
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8. What 18 the third root of 17| ? 

The fractional part of this number must first be changed to 
a decimal. 

17| = 17.75 = VVW = 17.750. 

Hence it appears, that to prepare a number containing deci- 
mals, it is necessary that for every decimal place in the root, 
there should be three decimal places in the power. Therefore 
we must begin at the place of units, and separate the number 
both to the eight and left into periods of three .figures each* If 
tliese do not come out even in the decimals, they must be sup- 
plied by annexing zeros to the right. 

9. What is the approximate third root of 25732.75 ? 

10. What is the approximate third root of 23.1762 f 

1 1 . What is the approximate third root of 12| f 

12. What is the approximate third root of 1^| f 

13. What is the approximate third root of {^ ? 

14. What is the approximate third root of /^ f 

XXXUI. Questions. produeir^ Pure Equations of the Third 

Degree. 

1. A man wishes to make a cellar, that shall contain 31104 
cubic feet ; and in such a form, that the breadth shall be twice 
the depth, and the length IJ the breadth. What must be the 
length, breadth, and depth ? 

Let the depth = ir, 

the breadth = 2 1?, 

and the length = —. 

The whole content will be 

xX2xX —=31104 



ilf* =31104 
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16^^ = 93312 
^= 5833 
0? = 18 = depth 
2x = 36 = breadth 

?f = 48 = length- 

«5 
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3. There are two men whose ages are to each other as '5/to 
4, and the sum df the third powers of their agd^ is 1371^1. 
What are their t^es ? 

Let a? := the age <^ the elder 

then -i^ = the age of the younger. 

ir»-h—'= 137,781 

«:• = 91,125 
Of =45 

if^ = 36. 
5 

Sn9. Elder 45 yelsrs, and .younger 96. 

3. A man wishes to make a cubical cistern that shall eon- 
tain 100 gallons. What must be the length of one of ita 
ndes ? 

4. A bushel is 2150| cubic inches. What must'be the size 
of a cubical box to hold 1 bushel ? 

5. What must be the size of a cubical box to hold 2 
bushels ? 

6. What must be the size of a eubicalboK^o'JIold 8 bushels f 

7. Find two numbers, such that the second power of the 
greater multiplied by the less mi^ be equal to 448 ; and the 
second power of the less multiplied by the greater, may ''Ibe 
392? 



»6. A man wiibes io make <a cistem whioll ^ahall held 600 
gallons, in such a fonn that the length shall be to4he^bieadlh 
ite 5 to 4y and the depth to the lei^^th «as S to 6. Ae^pdied 
the lengUi, breadth, and depdi. 

M>te. The wine gall<m is 231 cubic inohas. 

9. A man wishes to make a box which shall hold 40 bushels, 
in such fonn that the length shall be to the breadth as 4 to 3, 
and the depth to the breulth as 2 to ^. Rehired the length, 
breadth, and depth f 

10. A man bought a piece of land for house lots, the breadth 
of which was to its length as 3 to 28 ; and he gave as many 
dollars per square rod, as there were rods in the lengthrof the 
piece. The whole price was ^63,504. Required the length 
and breadth. 

11. A>min agreed toseU'a stack of hay fi>r 10 times as many 
MlaiB as there wens feet in the length of one of the longer 
flidbs. Chi measuring it, the lei^th was to the breadth as 6 to 
6, and the brepdth and height were equal. Moreover it was 
found that it came to as many cents per cubic foot as then 
were feet in the breadth. Kequired the dimensions of the 
stack. 

XXXIV. Affected Eqiwticms of the Second D^ee. 

When an equation of the second degree consists only (^ 
terms which contain the second power of the unknown quanti- 
ty, and of terms ^iltively known, they may be solved as above. 
But-an'equationdf'the second power, in orderto becomplete, 
mUst contdn both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations. 

1. There is a field in the fonn of a rectangular parallelo- 
gram, whose length exceeds its breadth by 1^ yards, and H 
contains 960 square^yards. Required the length and breadth. 

'Let ^ ==' the breadth ; 

then (T -f- 16 = the length ; 

and ^* + 16 0? = the number of squdfiure yards. 

Hence a^ -4- 16 a? =r <>60. 
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" ^ In order to solve this equation, it is necessary to make the 
first member a perfect second power. 
Observe that the second power of the binomial j? -f- a, is ^, 

4- 2 a iT -f^ a*, which consists of three terms. 

Now if we compare this with the first member ^4* 16 ^9 we 
find 

a?* = a?* 

2axi=il6x 

which gives 2 a = 16 

and a=:8 

0* = 64 

{x + 8) (a? + 8) = a^ + 16 a? + 64. 

Hence, if to o:^ + 1^ ^ we add 64, which is the second power 
of one half of 16, the first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
second member^ in order to preserve the equality. The^qua- 
tion then becomes 

a:»-fl6a? + 64 = 960 + 64= 1024. 

Taking the root of both members 

a? + 8 = dt (1024)*= 32. 
By transposition a? = — 8 ± 32. 

It has been already remarked that the 2nd root of every posi- 
tive quantity, may be either positive or negative, because —r 

ax — a = +a*as well as+ax +a=='^(if. The double 

sign ± is read plus or minus. 

In the preceding examples, the conditions bf the question 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
is taken, we must give it both signs, and when the values of a? 
are found for both signs, the conditions will finally show which 
is to be used. 

a? + 8 = db 32. 
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If ire use the sign +, we have 

X =24 

oai « + 16 = 40. 

This gives the length 40 yards and the itteliddi M. Dme 
niimbers answer the conditions of the questioii. 

If we use the sign — ^ we have 

x = — 40 

aj+16 = — 24. 

These numbers will not satisfy tbe-eonditfons of the qnestiot,. 
but they will answer the conditions of the equation, as will be 
seen by putting them into the firet equation. 

_40 X — 40 + 16 X — 40 = 960. 

2. A certain company at a tavern had a reckoning of 143u 
shilKngs to paj^ ; but 4 of the company beii^ so rnigeneroos-as 
to slip away without payine, the ^rest were obliged to pay 1 
shilling apiece more than they would have dcMie, u all haa paid. 
What was the whole number of persons ? 

Let JT = the number of persons at first ; 

then X — 4 = the number after 4 have departed ; 

— = the number of shillings each should have paid ; 

X 

and = the number ci shillings aoliisUy pod hf 

J?— -4 

each. 

By the conditions 

148 . , _ 143 

— -r * -r* 

X X — 4 

Clearing of flections 

143ap + a*— 572— 4ir=143dt 
By transposition 

af — 4txz=ibl2. 
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This equation is similar to the last, except in this, the se- 
cond term of the first member has the sign — . 

Here we must observe that the second power of the binomial 
X — a, is cr* — 2ax -\' afj the same as that of ir -|- a with the 
exception of the sign of the second term. 

In this equation, as before, we find two terms of the second 
power of a binomial ; if we can find the other term we can 
easily solve the question. 

It may be found as follows, 

a?* =: X* 

2ax =1-^4% 

2a = — 4 

which gives a = — 2 

and a' = 4 

Adding 4 to both members of the equation it becomes 

a?» — 4a? + 4 = 672 + 4 = 576. 

Since — 2 in this corresponds to a, the root of the first mem- 
ber is X — 2. In fact, {x — 2)* = a? — 4 a? + 4. The root of 
576 is 24. 

Hence 

X — 2 = ±24 

a? = 2 =b 24. 

The two values of x are 26 and — 22. The former only an- 
swers the conditions pf the question. 

Proof. If the whole number, 26, had paid their shares, each 
would have paid VV = H shilliims. But 22 only paid, con- 
sequently each paid VV = ^i shillings. 

3. There are two numbers, whose difierence is 9^ and whose 
sum multiplied by the greater produces 266. What are Uiose 
numbers ? 

Let a? = the greater ; 

then X — 9 = the less, 

2a: — 9 = their sum. 
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By the conditions 

x{2x — 9) = 266 
2ap^ — 9af = 266 









«» — ^=133. 

2 






If 


we use 

V 


the 


general foimula as. before, 

«» = «» 

2o« =— ^* 
2 

2a = -» 
2 


we 


have 

1 


« 






a— ® 

4' 

a» = «». . 







16 

Completing the second power, the equation becomes 
. 9x . 81 ,oo . 81 2209 



2 


^16 ^ 16 16 


Taking the root of both members 


« 


4 4 




X = — db — 
4 4 


which gives 


•»=55 = 14 
4 


and 


4 




Of — 9 = 6 


also 


a;_.9=:— 18J 



Both values will answer the conditi<Mis oCdie.qpiestiM ^ fxr 

14 + 5 =z3 Ift 
and 19 X 14 n266 

also _9J + (— 18i)= — 28 

and — 28X— 9J = 266. 

In all the above examples, after the question was put into equa- 
tion, the first thing done, was to reduce all the terms contain- 
ing J7* to one term, and tfiose containing x into another, and 
to place them in one member of the equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must alw^s be done. Moreover cc* must have the si^ 
+ and its coefficient must be 1. The equation will then be in 
the following form. 

p and q being any known quantities and either positive or 
ne|ative. 

Every equation, however complicated, consisting of terms 
which Qontaia c^^ and a?» aM knpwa quanj^itii^s. mt; ^ reduced 
to this form. 

Let the equati^it be 

- 3 a? 16 — a?' 
6 Tx—2 

Clearing of fractions it beeoraes 

140 a?— 12ic« — 70 + 6a? = 76 — 6x*. 

Transposing and uniting tWM 

146 0?— 7i|^ = 145 

Changing all the signs in both members 

7#^— Maa:=-«i45 
Dividing by 7 (the coefficient oiaf) 

. 146 a? 145 



Ben |> = — l^and } = — i^ 

7 7 

To soWe the equation 

We consider of and ^ ^r as two teims of the second power 
of the binMual d? + a in which 

2az=:p 

3 

• 4 

Hence the binomial « -|- a is equal to x -)- -E, and the third 

tatm of the second power is £■. In ftct 

Therefore the first member of the above equation may be 
readerad a comidete second power, of which x 4* - is the 

root, by adiiBg to it iL. The sane quantity must be added to 

the second m&aaber, to preserve the equidii^^ 

The equation then becones 

« 



Taking the root of both memben 



.=-|± (,+£)* 



15 
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From the above observations we derive the following general 
rule for the solution of equations which contain the first and 
second powers of the unknown quantity. 

iBt. Prepare the equation^ by coUeding aU the terms cantainr 
ing the first and second powers of the unJcnoum quantity into the 
first member f and aU the terms consisting entirely o/* known quan- 
tities into the other member. Unite all the terms containing the 
second power into one term, and aU containing the first power 
into another. Iff' the sign brfore the term containing the second 
power of the unknown quantity be not positive, make it so by 
changing aU the signs of both members, ff the coefficient of 
this term is not 1, make it so by dividing aU the terms by its cog- 
fvdemt. 

2d. ' Make the first member a complete second power. This is 
done by adding to both members the second power of half the coeffi- 
cient of X (or of the first power of the unknown^ quantity.) 

3d. Take th^root of both members. 

The root of the first member unU be a binomial, the first term of 
which wUl be the unknown Quantity, and the second wiu be haff the 
coefficient of x as found above. The root of the second member 
must have the double s^n ih* 

4&. Transpose the term consisting of known quantities from the 
first to the second member, and the value of x wm be found. 

4. A and B sold 130 ells of silk (of which 40 ells were A's 
and 90 B's) for 42 crowns. Now A sold for a crown one third 
of an ell more than B did. How many ells did each sell for a 
crown i 

Let X == the number of ells B sold for a crown ; then x -|- 
^ = the number A sold for a crown ; 

?2 = the price df 90 etlsj 



X 

40 



= the price of 40 el]s. 



X mP"j* 5 



XXXIV. Affected Equatiant. 171 

90+124=42* 

90a?+30 + 40a? = 42ar»+14« 
116a?_42a?» = — 30 
Changing signs 42 a?*— 116a? = 30 . 

»ivi<&iffhy42 ^_ 116j; _ 30 

42 42 

Reducing fractions a^ — ^?Lf = A. 

21 7 

To complete the second power of the first member, take one 
half of — If, which is — |f , and add its second power to 
both members. 

^_68£^ _841_5 , J41_^. 841 J 1156 
21 21)' 7 "^ 2l)' 2iy ■*" W ""^W 

Taking the root of both members, 

29 34 

« — _ = i rl . . . n 

21 21 

^_29 ^ 34 : •( 

a? =: — ± — 

21 21 

Whichgive a? = ^ = 3 

21 

and a? = — -1 

.: 21' ■■ V . 

The first value only will answer the conditions. 

Afu. B sold 3 ells for a crown, and A 3J. 

The learner may observe, that in raising || to the second 
power, I multiplied the numerator into itself, but expressed the 
power of the <feBominator by an exponent This ;saved some 
work in this example. It may always be done when the num- 
ber in the right hand member can be reduced to a fraction 
with the same denominator as the number added. .In this case 
4 could be reduced to 21ths. The f was reduced thus 
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5X 3 _ 15 X 21 _ 315 
7X3 21 X 21 2l)* 

When the second member is a whole number, it can be re- 
duced to a firaction with any denominator ; consequently this 
form may be used* 

« 

5. A man bought a certain number of Aeep for 80 dollars ; 
if he had bought 4 more for the same money, they would have 
come to him 1 doHar apiece cheaper. What was the number 
of sheep? 

6. A merchant sold a quantity of 1)randy for £39 and gdned 
as much per cent, as the prandy cost him; How much did it 
cost him r 

Let a; = the cost. 

then — =r the rate per cent. 
100 ^ 

and — = the gain. 
100 ® 

also 39 — X ^ the gain. 

7. Two persons, A and B, talking of their money, says A to 
B, if I hoi as many dollars as I have shillings, I should have as 
much money as you ; but if I had as many shillings as their 
number multiplied by itself, I should have three times as mqch 
money as you, and 63 shillings over. How much money had 
each r 

8. A colonel has a battalion of 1200 men, which he would 
draw up in a solid body of an oblong form, so that each rank 
may exceed each file by 59 men. What numbers must he 
place in rank and file ? 

9. A grazier bought as many sheep as cost him £60 ; out of 
which he reserved 15, and sold the remainder for £54, gaining 
2 shillings a head by them. How mMy dieep did he buy, and 
what was the price of each ? 

10. A person bought two pieces of cloth of different sorts ; 
of which the finer cost 4s. a yard more than the other. For 
the finer he paid £18 ; but for the coarser, which exceeded 
the finer in length by 2 yards, he paid only £16. How many 
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yaicb were there in each piece, and what was the price of 
each ? 

11. A labourer dug two trenches, one of which was 16 yards 
longer than the other, for $77.60 ; ^and th& digffin^ of each 
cost as many dimes per yard, as iJiere were yards m, length. 
What was the length of each f 

12. There are two square buildings^, that are paved with 
stones each a foot square. The side of one building exceeds 
that of the other by 12 feet, and both: their pavements taken 
together contain 2120 stones. What are the lengths of them 
separately. 

13. A man bought two sorts of linen for $12}. A yard of 
the finer cost as many shillings as there were yards of the finer; 
Also 30 yards of the coarser, (which was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of th^ 
finer. How many ^ards were there of the finer, and v^hat was 

the value of each piece ? 

■i 

14. Two partners A and B gained £18 by trade. A's mo« 
ney was in trade 12 months, and he receivedlifor his principat 
and gain £26, Also B's money, which was J&30, was in trad^ 
16 months. What money did A put into trade f . o 

16. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a firame, all parts of which are of equal width? 
and the area of the fi-ame is to be equal to that of the glass. 
Required the width of the frame. ^^ 

16. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went' 9 
miles a day ; and the number of days, at the end of which tticy 
met, was greater by 3 than the number of nulcs which B wi^nt 
in a day. How many. miles did each go ? . ..£ ii 

17. A set out firom C towards D, and travelled 7 miles 'p^ 
day. After he had gone 32 miles, B set out from D towards ^ 
and went every day j\ of the whole journey ;'and after he t^ad 
travelled as many days as he went miles in one day, he met A. 
What is the distance between the places C and D P 

In this case both values will answer the conditions of Ae 
question. 

16* 
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18. A jaaji had a field, the l^gth «f iriiieb exoee<ied die 
breadth by 5 rods. He save 3 ddlars a rod to have it feneed, 
which amounted to 1 dollar for every square rod in the field. 
What was the length and breaMi, and what did he give for 
fencing it ? 

19. From two places at a distance of 3^mtle%t9vo|enMii|B|y 
A and B, set out at the same time to meet each other. A tra-^ 
veiled 8 miles a day nkve than B^ and the numbeF of days in 
whicbtfaey met was equal to half the mmibet of miles B went in 
ft day. How many m&ss did each tiravel, and how far per day f 

20. A man has a field 15 rods long and 12 rods wide». which 
he wishes to enlarge so that it may contain just twice as much ; 
md that the length and breadth may be in the same propor- 
tion. How much must each be iacwaaed i 

In Ais exQD^ile, die root can be obtained only hy approxi- 
mation. 

me 

21. A square court yard has a rectangular gramd watt, 
round it. The side of the court wants 2 yards of being 6 
times the breadth of the gravel wa& ; and the number of 
square yards in llie walk exceeds the number of yards in the 
jj^ripheiry of the court by 164.. Required the area of the 
court «^ 

All equations of the second degree may be reduced to one 
of the following forms. 

1. aj^-f-|>a?r= J 

2. (x^ — p a; = 5 

3. a?* -|-|>aj = -— J 

4. 32* — p 0? =r -— J. 

After the equation has been brought to (Hie of these forms, 
it Biay be solved by one of the following formulas, which are 
numbered to correspond to the equatioi|fli horn which they are 
derived. 



1. «=-|±(j + f)i 
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3. 

> 
• 


» = ~|±^-J)* 


4. 


* = +5±^-«)* 
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The first equatitm and the first foimula Are sufficient fer the 
whole, if jiand q are supposed to be positive or negative quan- 
tities. 



^1. There are two iwhera whose ^ifeieoce is llf, and 
whose piodttct is equal to 4 tinses the laiger uinai i^ What 
are the numbers/ 

Let 07 :z= the larger; 

then X — llf = the smaller. ^ 

a? — ll|07=:4ap — 9 

3f — '!» = — 9. 
This equation is in the form of os^ — px = — jp, in which 

^ 6 2 iO* 4 100 * 

a: = Kd= CtW— 9)*= « =fc (VirV)* = 7.8±7.2- 
Or we may use the first formula, then 

78 p 78 y 6084 «„^ ^ _ o 

p =r — , -£- r= — — , -C =: .. . , and o =2 — 9 

^ 6 2 10 4 100 ^ 

' a? = «dt(VVV— 9)* = «rb(ViV)*=7,8±7.2. 

Both values of a?, beipg possrirre, will mmw^ the conditions 
of the question. 

wfyu. By the fifst ymhie the hi||er number is 16 snd the 
smaller S|. By the second value of a?, the larger is |, and the 
smaller — 11. 

Let the learner solve some of the piecediiv questions by the 
formula. .^ 

XXXV. We sbal] now demonstrate liiat e^ery equation of 
llie second degree, necessarily admits of two vidues m the un* 
known quantity^ and cMily two. 
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Let us take the general equation. 

This, we have seen, may represent any equation whatever of 
the second degree, p and q being any known quantities and 
either positive or negative. If p = the equation becomes 

af = q, 

which is a puce equation or an equation with two terms. 

If we make the first member of the equation of -{-p xz:zq^ 
a complete second power, by the above rules, it becomes 

a:* + p a? + -^ := g + £. 
4 4 

or (*+2"^ =? + |"- 

Make m* =20 + JL 

then m = (5 + ^)* 

Then we have {x +JL) :± rvf 

transposing m" (a? + il) — m* = 0. 

The first memb^ of this equation is the difference of twa 
second powers, which, Art. XIII, is the same as the product of 
the sum and difference of the numbers. 

The sum is a? 4- ^.-U 9», and the difference is a? + ^ — m, 
and their product is 

(^ + f-^) (a: + |.+ m)=0. 

In this equation^ the first member consists of two ftctors, 
and the second is zero. Now the first member of the above 
equation will be equal to zero, if either of its &ctors is equal 
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to aero. For if any aumber be itmltiplied bf cero, the pMdact 
is xero. 

Making fha ftntt fiu^tor eqaal to xero, 

« + £■ — « = 

2 

gim xsz-^JL + m. 

4 

Makii^ a? + ^+M=:0 

gives a: = — JL-^m. 

Either of these values otx must answer Ae eeBdmi<»i8 of the 
equation. 

N. B. Though either value answevs the conditions separate- 
ly, tiiey cannot be introduced together, fer being wRnwil; 
u^ir jNXMluct cannet be x*. 

Instead of m put its valiie, and the values of x become 

which are the values we had obtained above. (This demon- 
stration is essentially that of M. Bourdon.) 

Let us take again the general equation. 

Since the exfHresrion contains a radical quantily, that is, a 
quantity of which the root is to be fouiid, in order' tb be able 
to find the value of it, we must be able to find the root either 
exactly or by approximation. Now there is one case in which 
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it is impossible to find.the root. It is wfam q is negative and 
greater tiian ^. In which case the expression j + ^ is ne- 
gative ; and it has been shown above, that it is in^xMsible to 
find the root of a negative quantity. In all other* cases the 
value of the equation may be found. 

In all cases if q is positive, the first value Nvill be positive, 
and answer directly to the conditions of the question proposed. 

For the radical iq -f- ^\* is necessarily greater than SL, be- 
cause the root of ^ alone is JL ; therefore the expression 



2 ' 
radical. 



I ? + ^\ is necessarily of the same sign as the 



The second value is for the same reason essentially negative, 
for both |. and ^ J + |^* are negative. This value, though 

it fulfils the conditions of the equation, does not answer the 
conditions of the question, fiom which the equation wasJerived ; 
but It belong to an analogous question, in which the x must be 
put m with the sign — inst^ of + ; thus a?» —p x=q, which 

gives x= JL ^^qj^ |!y* a value, which diflFers from the 

first only by the sign before £-. 

2 

Kq is actually negative, the equation becomes 
and the values are 

In order that it may be possible to find the root, q must be 
less than £. When this is the case, the two values are leal. 
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Since I ^ — qy is smaller than ^, it follows that both 

values are negative if p is positive in the equation ; that is, if 
a? +|> a? = — 5, which gives 

e 

* 

and both positive \ijf is negative in the equation, that is, tif — 
p 0? = — y, which gives 



(?-')' 



2 ■ 



When both values are negative, neither of them answers di- 
rectly to the coiiditions of the question ; but if — a? be put into 
the original equation instead of x^ the new equation will show 
what alteration is to be made in the enunciation of the ques- 
tion ; and the same values will be found for x as beforie, with 
the exception of the signs. 

If in this equation q is greater thto ^1, the quantitv 

iSL — qy becomes negative, and the extraction of the root 

cannot be performed. The values are then said to be tmogi- 
noary. 

I. It is required to find two numbers whose sum is p, and 
whose product is q. 

Let X = one of the numbers, 
then f — 0? = the other. 

Changing signs a^ — px-=> — q» 

This example presents the case above mentioned, in which 
|9 and q are boUi negative. 



1^80 




Sgdntu 


tp 
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The value is 










1 


- 




Hi- 


,y. 




# 


Suiqxi8e|» = 


15 and j 


f=54. 


* ' 






.=¥- 


/225 


— 54\* = 


2 


/225 — 
( 4 


216 \ J 






_i5 3 

2 2 


•• 


• 





The values are 9 and 6, both poaitive, and both answer the 
conditions of the question. And these are the two num- 
bers lequiied, for 9 + 6 =: 15, 9 X 6 = 54. Thisoushllobe 
so, for <r in the equation represents either of the numbers in- 
diffi^ently. Indeed whichsoever x be put for,p — x will re- 
present the other ; andji a? — a? will be their product. 

Agttn letp =2 16 and q = 72. 

. « = ^±(i^~72)* = 8±(_8)* 

Here (*— 8)^ is an imaginary quantity, therefore both vala^ 
are imagmary. 

In order 16 discover w^ we obtain this imaginary result, l^us 
iirst find into what two parts anumbermusttedivided, that the 
product of the two parts may be the greatest possible quimtity. 

In the above example, p represents the sum of the two num- 
bers or pafts, let d represent their differencie^, then 

4-H =: the greater, and ^ «^ — =: the less. Art. IX. 

2 2 ® 2 ft 

Their product is 

(£. + l\ iL-£i ^t^£ ' ArtXin. 
\2 ^ 2/ \2 2/ 4 4 

a 

The €i^iii^^9m.-£~ -jvi evideBdly \m Uuui^ 9a \mm. ^ 

it is greater than lero} but wfaenil =: 0, the expression becomes 
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J^ which is the second power of £^ l^ere^ore the greatest 

possible product is when (he two parts are equal. 
In the above example ^ =^ 8, and £. = 64. This is the 

greatest possible product that can be fonned of two numbers 
whose sum is 16. It was therefore absurd to require the pro- 
duct to be 72 ; isuid the imaginary values of x arise fix»n Uiat 
dbsur^^. 

2. tt is required to find a number such, that if to its second 
f»0wer, 9 times itself be added, the simi will be equal to three 
times th^ liumber' less 6. 

0?* -f- 6 0? = — — 6. 

Thifr equation is- in the fomi of a?* + j» cr = — 9, which 
gives ^ 

Putting in the values of p and q 

<r±: — 3^db(9 — 6>* =:: — 3±2. 

Idle values are — 1 and — 5, both negative. Consequently 
neither value will answer the conditions of the question. This 
shows also that those conditions cannot be answered. 

But if we change the sign of a; ih the equation, that is, put 
in — X instead of a?, it becomes 

a^ — 9a? = — 3a? — 6. 

Changing aU the signs^ 

9a? — a?* = 3a?-f-6. 

This shows tli&t the question should be expressed thus : 

It ijp required to find a number, such, that if ftom 9 times 
itself^' its second power be subtracted, the, reoiainder will be 
equal to 3 times tiie number plus 5. 

16 
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The values will both be positive in this, and both answer tke 
conditions. 

a?'— -9a? = — 3 a? — 5 
a?"»— 6a? = — 5 

* " • 

a? = 3db(9 — 5)*=3rfc2. 

The values are 5 and 1 as before, but now both are positive, 
and both answer the conditions of the question. 

3. There are two numbers whose sum is it, and the sum of 
whose second powers is b. It is required to find the numbers. 

^ Examine the various cases which arise from giving di£feiQot 
values to a and 6. Also how the negative value is to be inler- 
preted. Do the same with the following examples. 

4. There are two numbers whose difference is a, and the 
sum of whose second powers is b. Required the numbers. 

5. There are two numbers whose difference is a, and the 
difference of whose third powers is 6. Required the numbers. 

6. A man bought a number of sheep, for a number a of dol- 
lars ; and on counting them he found that if there had been a 
number b more of them, the price of each would have been less 
by a sum c. How many did he buy f 

7. A grazier bought as m^any sheep as cost him a sum a, out 
of which he reserved a nuqdbqr 6, and sold the remainder for a 
sum c, gaining a sum d per head by them. How many sheep 
did he buy, and what was the price of each ? 

8. A merchant sold a quantity of brandy for a sum a, and 
gained as much per. cent, as the brandy cost him. What was 
the price of the brandy f 

XXXVI. Cf Powers and Rocis in Creneral, 

Some explanation of powers both of numeral and lit^^l 
quantities was given Art. X. The method of finding the roots 
of the second and third powers, thart is, of fiiiding the second 
and third roots of numeral quantities, has also been explained ; 
and their application to the solution of equations. JSut it 19 
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frequently necessary to find the roots of other powers, as well 
«p of the second and third, and of literal, as well as of humeral 
quantities. Preparatory to this, it is necessary to attend a 
little, moie particokriy to the formation of powers. 

The second power of a is a x a = a** 

The fifth power ofaisaXaXaXaXa = a'. 

If a quantity as a is multiplied into itself until it enters m 
times as a &ctor, it is said to be raised to the mth power, and is 
expressed a"*. This is done by m — 1 multiplications ; for one 
multiplication as a X a produces a* the second power, two 
multiplications produce the third power, Ac. 

We have seen above Art X. that when the quantities to be 
multiplied are alike, the mpltiplication is perforaied by adding 
the exponents. By this principle it is ensy to find any power 
of a quantity which is atoeady a power. Thus 

The second power of a' is a* x «* = a**^ = a*. 
The third power of a* is a* X «* X a^ = o*^^+' = o*. 
The second power of a* is a** x a* = a*+*.= a**. 
The third power of «* is tf* x «* X «" = a***""*** = a'*. 

The mth power of a* is a* X a* X o' X «? X . • • • • 
= aa+«+H-«+ ^ until a* is taken m times as a factor, that 

is, until the exponent 2 has been taken m times. Hence it is 

expressed a**. 

The nth power of o* is o* X <<" X «* • • • • = o*+"'* "*' • • • 
until m is taken n times, and the power is expressed a**. 

N. B. The dots in the two last examples are used to 

express the continuation of the multifdication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a detenninate value. 

In looking over the above examples we observe ; 

1st. That the second power of a' is the same as the third 
power of a% and so of all others. 
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% That ialMiiig a power of 91 toller |the edqpMent is added 
Wlil jjt i& lafce^ i» Bmny tiixie8 as there loe mill in 4he. eaipc^ 
lie^t 4^ the reqwied power. JElonce ai^jf jiMiiii|% imiy ie r^ 
to any power 1^ ni^tiMngUi e^ijfimeni i^ At Mfi^nml ^ At 
patoer to whkh it i» iooe raised. 

The 6th power of tf* is a'^* = a". 

The 3d pow^r of «^ is «^^' = a^f 4fe«. 

Ilie power of 4 pyK)duct is the samje as the producjt. of tji^t 
power of all its factors. 

The 2d power of3a^ is 3 ad X 3o6 = 9a*y. 

T*e3dpowerof2(i«6»is2a»J*x5a'i*X2o'6' = 8d*6'. 

He^ce, when a quantity consists of severed Utters^ it may ie raw^ 
ed to any power by mukipmng <fte e^monents (f etidk kUer by th^ 
exponent of the power r^mr^ ; ar^fthe quantity Jm 4^.ntmral 
coefficient^ that must he raised to the power requdred., 

The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for tfiat is equiva- 
lent to tbe continued n»il^plic^i(m of the fraction by iteM. 

1 What i9 tibe $tfi power of 3 a* b^m ? 

2 What is iJie 3d power of ?fl^ }■ 

Powers of compound quantities are found like thps^ of sim- 
ple quantities, 1>y the continued multiplication of the quantity 
into itself. The second pov^er is Skmd by multiplying the 
(}i](antity Qi^ce by itself. The tWijd power is 6mA ty t^m nm\- 
tipJicatiLQiis, <fcc. 

9%^ powers of ^KvnppiiDd qnaiititiesaie A]fMDeteedi% eneloiH 
ing Jhe quantities in a parenlii^, or by diawuig « viiic«ifcim 
over them, and giving theni the exponent of the powor, "Jlic 
third power of a -f- 2 6 — c is expressed {a + 2b — cf ; or 



a'lf 2 6— c. 

The powers are found by multiplication as follows : 
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n+2b — c 
a'-)-2aft — ac 

— ac — 26c-4"^ 



a* +4ah + 4V — 2ae—4bc+i^=z{a + 2b — cy 
a+2b — c 

t^+4a?b+4ab^—2ffc — 4abc + aif 

2a!'b + SaV + 9V —4abc—Sb*c + 2bi^ 

— a^c — 4a6c— 4J*c+2ac* + 46c*— c» 



o» ^. 6 «• i + 12 aft* +86'— 3 a'c— 12.a6c— 12 J"c 

+ 2a(? + 6 6 c» — c» = (a + 26— c)*. 

If the third power be multiplied hj a + 2b — c, it will pro- 
duce the fourth power. 

3. What is the second power of 3c + 2 rf? 
'4. What is the third power of 4a — be? 

5. What is the fifth power of a — J ? 

6. What is the Ifourth power of 2 a* c — c*? 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may fi-equently be more easily 
performed on them when they are only expressed.* 

(« + »)• X (a + i)' = (a + 6)"+- = (a + J)» 

{3a—5ey X (3 a — 6€\'= (3a— 5c )'. 
16* 
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Tliat is, when one power of a compound quantity is ioi^^muki' 
plied by any power ijfihe Bome qumUity^ %t may be expressed Ify^id/dr- 
ing the exponents J in the same manner as simple quantities. 

The2dpowerof(a + 6)'is(o + 6)'x (a + ft)^ 
= (a + J)H-' = (a + J)»x« = (a ^. 6)^ 

The 3d power of (2 a — d)* is 

(j{a— .rf)M-4+4 -(2fl-,.<^)*x»=^(2a--dy^ 
That is, any quantity^ which is already a power of a conymaul 
quantity J may be raised to any power by mmtiplying its exponent 
by the exponent of thepoioer to which i^is to be raiifid* 

7. Expnsi^ the 2d pQwer, of (3 6 — » c)*. 

8. Ejipress th^ 3d power of (c — c + 2 dy. 

9. Express l^e 7th power of (2 o^ — 4 c')'. 

Division may also be performed by subtracting the exponents 
as in 9imple quanlitiea. 

(3 a — by divided by (3 a — 6)' is 
(3a-^l)'^'=;:(8a~i)« 

10. Divide (7 «» -}- 2 c)? by (7 »» 4- 2 c)^ 

If (a 4- by is to be multiplied by any quantity c, it may be 
expressed thus : c (a -f- by. But in order to perform the ope- 
ration, the 2d power of a + ^ iQust first be found. 

c(a + 6)* = c(a» + 2a6+y) = a*c+2oftc + yc 

If the operation were perfonned previously, ft^iy erroneous 
result would be obtained ; for c{a'\' by is very different fixxn 

{ac-^-b cy. The value of the latter exjH'ession is a* c* + 2 a6 

c» + iV. 

11. What is the value of 2 (a -^ ^by developed ^ M>ove i 

12. What is the value of 3 J c (2 a — c)* ? 

13. What is the value of (a + 3 c*) (3a — ?*)'? 

14. What is the value of (2a — t)* (a*^+ ftc)*? 
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Wfe h8f« b«d oceanxm in the preeediiig pigwtoMtim Ikmu 
thi^ second end thud powew to theii roote* We have ihowB 
how this CSB be done in numeral qupilities ; it ramaios to be 
shown how it may be effected in literal quantities. It is fre- 
quently necessary to find tiie roots of other powen em well as 
qS the second and third. 

The power of a literal quantity, we have just seen, is (bund 
by multiplying its exponent by the exponent of the powef to 
which it is to be raised. 

The second power of a* is a'^ * = a' ; con^eqnen^ Ae se- 
cond root of o^ is a* =r a*. 

The thied power of rf* is a** ; hence the third root of a** 
must be a ^ = a* . 

m 

The second root of a*, then must be a^. 
Procf. The second power of a^ is a ^ = a*. 

In general, the root of a literal quantity may be found by divid- 
ing its eocponent by the number expre$nw 1M root ; that is, by 
dividing by 2 for the second root^ by 3 fir the Mrd root^ &c. 
This is the reverse of the method of fituling powers. 

It was shown above, that any power of a quantity consisting 
of several factors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as th^ pro- 
duct of tho roots of all the factors. 

The third power of a* i e^ is n^ fr^c^; the third root of cf b* 
c* must thecefpie be a' 6 c*. ^ 



Nmneral eoefBcients are factors, and in findiiij|( pow^m 
they are raised to the power ; consequent!]! in findmg roots, 
the root of the coefficient must be taken. 

The 2nd root of 1 €^ 05 if is 4 V ^« 
Proof. 4 a* J X 4 0^ * 5:5 19 a* i^ 
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When the exponent of a quantity is divisible by the.nunriber 
expressing die degree of the root, Uus root can be found exactly ; 
but when it is not, the exponent of the root will be a fiactioa. ' 

The second root of a* is a^. The second root of a is a^. 
The third root of a is a*. The nth root ofa is a ». The ndi 
root of a^ is a» • 

The root of a fiaction is found by taking the root of its. nu- 
merator and of its denominator. This is evident from the me- 
thod of finding the powers of fractions. 

The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and writing a frac- 
tional exponent over it, expressive of the root. Thus 

The 3d rpot of 8 a' ft is expressed 

' (8a'6)*or8?i*. 

The root of a compound quantity may be expressed in the 
same way. 

The 4th root of a* + ^ ^ ^ i^ expressed 

(a*+5aJ)*or a* + 6a»^. 

When a compound quantity has an exponent, its root may 
be found in the same manner as that of a simple quantity. 

The 3d root <^ (2 b —of is (2 6 — a)* = {2l—a)\ 

With regard to the siens of roots it may be observed, that all 
even roots must have &e double sim ± ; for since all even 
^wers are necessarily positive, it is mipossible to tell whether 
the power was derived from a positive or negative root, unless 
scnnething in the conditions of the question ££ows it. An even 
root of a negative quantity is impossible. All odd roots will 
have the same sign as the power. 

15. What is the second root of 9 a* 6* ? 

16. What is the third root of— 126 c^Vci 

17. What is the fifth root of 32 a** af^ri 
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18. What is the third root of -i^? 

19. What is thefiiimh ropt of:?]f.^f 

Irm 

20. What is the second root of (2 m — sif ? 

21. What is the 6th root of (3 a -f x)» ? 

XXXVII. Roots of Cmnpowid ^niUiu. 



Wh^ fi eofttpound quantity is a perfect poi^, its root may 
b^ found ; and wh^ it is not -a perKcl power, fis ropt nmy be 
Ibtind hj appoximaticMi, by a method smlar to 4Hit omployed 
for findttig th^ roots (rf'somend quantities. 

|*i^t i^e giay obs^nrpy th$it po. qiw^ity Cpqsisti|Kg of onlf iWQ 
texms ^«n be a complete power ; Sot the seiQppd power of a bi«^ 
nQ^al pQQ3ifiybi of th|ppp t^ips ; tha^t of a -jr «f fejr «xflmide» is 
a* 4- 2 o^^c ^r ^. Tlw^piWtity «* + i' is nplt % Qi^mpld^ s©^ 
ooj^hA poifreir. 

Let it be required to flnd the seoend root of 

The root of this will consist of at least two terms. The se- 
cond power of the Unomia) a -^^ bisa^-^^ah-^V^ This 
shows that the quantity must be arranged aceord}ipig» to the 
powers of some letter as in division, for the second power of 
either term of the root wiH pi^oduce die highest power of the 
letters in that term. 

Arrange the above according to the powers of a?. 

9a;*a* + 12a?«fl*6« + 4«'i*. 

The fbrmuk efi^2ab 4-' ¥ shows Ihat we should find the 
first term a of die root by taking the root <^ the first tem ; the 
same miust be the case in the ^ven example. 

The root of 9 «* rf^ is 3 a?' a\ Write thi3 in the place of a 
quotient^ and subtract its second, power. Then multiply 3,a^ «* 
by 2 for a divisor, answering to 2 a of the formulap 
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9x*a* 



12a?»a*J* + 4a*ft* 



Divide the next term by the divisor. This gives 2aV for 
the next term of the root. Raise the whole root then to the 
second power and sul^tract it. Or, which is the same thing, 
since the second power of the first term hajs already been sub- 
tracted, write the quantity 2 a&' at the ri^ht of the divisor as 
well as in the root. IM^tiply the whok divisor as it then stands 
by the last term of the root. This produces the terms ccorre- 
sponding to 2 a& r[- ft', = 6 (2 a -f- ^} of the formula. This pro- 
duces 12a:* o* 6* -f-^fl* ft*, which being subtracted, there is no 
remainder. Consequently the root is 3ir'o' + 2aft*or — 
3 a:* a* — 2 a ft*. The second power of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

'36a*m* — 60aftm* + 26ft\ 

36a«j»* — 60aftffi» + 26 6«(6aj»* — 6ft 
36 a* m* 



* _60aftwi'-f 25ft' (12am' — 5ft 
— 60afti»*4.25ft' 



The process in this case is the same ajs in the last example. 
The second term of the root has the sign — in consequence of 
the term 60 a ft m' of the dividend being affected with that sign. 
If the quantity had been arranged according to the powers of 
the letter ft, thus, 25 ft* — 60 a 6 m* + 36 a* m*, the root would 
have been 6ft — 6 a wi* instead of 6 a m' — 5 ft. Both roots 
are right, for the second powers of the two quantities are the 
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same. The second power a ~^ bin the same as that of i ^- a. 
One is the positive and the other the negative root. If the dou- 
ble sign be given to the first term of the root, both results will 
be produced at the same time in either arrangement. 



* — 60aim*+36a*TO* {±:lOb^6iiwf 
— 60aJm* + 36a*m* 



In dividing — 60 a bm' by dt 10 6» both mgna are oha&ged, 
the + to — , and the — to -]-. This gives to the second term 
die sign =F. ^The first value is 5 b — ; 6 am', and the second is 
6 a in^ — 6 6. 

When the quantity whose second root is to be found, con- 
sists of more than three terms, it is not the second power of a 
binomial, but of a quantity consisting of more than two terms. 
Suppose the root to consist of the three terms m + n 4-/?- If 
we represent the two first terms m + ^ by Z, the expression be- 
comes l-^-Pi the second power of which is * 

Developing the second power I' of the binomial m + n,^it 
becomes m' "\'2mn-{-n». This shows that when the quantity 
is arranged according to the powers of some letter, the second 
root of me first term will be the first term to of the root. If to* be 
subtracted, and the next term be divided by 2 to, the next term 
n of the root will be obtained. If the second power of to -f- ^ 
or Z* be subtracted, the remainder will be 2 Z|> +p*. If the 
next term 2 Z p be divided by 2 Z equsd to twice to + «j the 
quotient will bejp, the third term of the root. The same prin- 
ciple will extena to any number of terms. 

It is required to find the second root of 

4 a* + 12 a' a? + 13 a* a?* + 6ax^ + w\ 
Let this be disposed according to the powers of a or of x. 
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*• + 6 « J» + ISrfa' + iaV« + 4 «• («•> 3«* 4 2 a* wot 

list AiVI^ebd. 



• 6a«* + 13a*ap^ {2x* + 3ax Isidmwor. 

2ddivid. * 4a*a;^+ 12a'a? + 4a* (2«» + 6a« + 2a»2d.dL 
4c?«^ + I2:Va? + 4rt* 



The process is so rimilar to that of numeral quantities that 
it needs no farther explanalioii. 

The double sign need not be given to the terms during the 
6peration. All the signs may be changed when the work is 
done, if the other root is wanted. Tms wiU seldcHU be the 
Case when all the terms are positive ; bot wh^ some of the 
terms are negative, if it is not known which quantities are the 
largest, the negative root is as likely to be found first as the 
positive. When this happens the positive will be found by 
changing all the signs* * 

Exampla. 
1. WhKt is the second idot df 

i. WtaX &'the a^tbiid root of 



Sec" 



^ +l+:t*-.g^*? 



3 2' ' 16 

3. What is the seeonA tdot of 

— 4a?* + 4^ + »«» — «a?4t :e«" -j. 9? 

4. Whtft is the second root of 

s^ + 26iif ^i 26'*^ + 16 + ^(f ^10«* +24 i^¥ 
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XiJEXTIII. Et&actian of the Boffttjof C&mpmmd ^fumiitki 

Of any Ihgree. 

By examining the several powers of a binomial, and obserring 
tfiat the imnciple may be extended to roots consisting of moie 
than two terms, we may derive a general rule for extracting 
roQta of any degree, whatever. 

(a + 0?)* = a -}- « 



ax -^a? 

(a + x)*= a* + 2ax + ci^ 
a +a? 

a*a?+2aap' -{-a? 

a +« 



> 



\ 



a* + 3a' a? + 3a* a:* + a a' 

a'a? + 3a*ac»+3aap» + a?* 

(a+ x)* = tf* + 4a'a? + 6a*a?' +4aa7' + a?* 
a +a? ' 

.. _ . . _. 4 _ 

a' + 4a* a? + 6aV +4a*aj* + a a?* 

a* ip 4- 4 a V + 6 a* ap* + 4 a X* + a?* 

(a+ 0?)* = a» + 5a*a? + 10a»a?» + 10a»ap'+ 6aa?* +«» 

By examining these powers, we find that the first term is the 
first term of the binomial, raised to the power tO' which the bi- 
n(miial is raised. ' Thei second term consists of the first tenn 
of the binomial one degree lower than in the first term, multi- 

17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. This will her^iier 
be shown to be true in all cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extract the 5th root of the quantity 

32a*o_80a*J'+80a'6*— 40a*6» + 10a«6" — 6"(2a«— y 

32 fl*^ 

' Dividend. 
* _80a*6' SOo' divisor. 

The quantity beinff arranged according to the powers of a, I 
seek the fifth root ofthe first term 32 a'K It is 2 a*. This I 
write in the place of the quotient in division. I subtract the 
fifth power of 2 a\ which is 32 a^®, firom the whole quantity. 
The remainder is 

— 80o* V + 80 a* V —Ac. 

The second term of the fifth power of the binomial a -\- 1 
being b a^ x shows that if the second term in this case be di- 
vided by five times the 4th power of 2 a', the quotient will be 
the next term of the root. The 4th power of 2 a* is 16 a' and 
5 times this 80 a^ Now — 80 a* 6' being divided by 80 a* 
gives — A' for the next term of the root. Raising. 2 a* — V 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 5th power of 2 cP •— V book the whole quantity ; and 
then to find the nett term of the root, divide the first term of 
the remainder by five times the 4th power of 2 a* — A*. The 
first term only however would be used which would be the 
same divisor that was used the first time. 

When the number expressing the root has divisors, the roots 
may be found more easily than to extract them directly. The 
second root of a^ is a', the second root of which is a. Hence 
the 4th root may be found by two extractions of the second 
root. The second root of a* is a^ or the 3d root of o^ is a*. 
Hence the 6th root may be found by extracting the 2d and 3d 
roots. The 8th root is found by tm^e extractions of the 2d 
root, &c. 
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1. What is the 3d root of 

ey + cf —40a?* + 96cF— 64? 

2. What is the third root of 

1 5 a?* — 6 a? + a?* — 6 ^» — 20 «' + 1 5 «• + 1 ? 

3. What is the 4th root of 

216 a* 0?* — 216 a a?' + 81 a?* + 16a* — 96 a* a? ? 

4. What is the 5th root of 

80 a?'— 40 a?* + 32a?' — 80 a?*— 1 + 10a?? 

XXXIX* Extraction of the Roots ofNvmerci Quantities of anjf 

Degree. 

By the above expression of the several powers, we may ex- 
tract any root of a numeral quantity. Let us take a particular 
example. 

What is the 5th root of 6,443,532,400,000 ? 

-In the first place we observe that the 5th power of 10 is 
lOOOOO, and the 5th power of 100 is 10000000000. Thierefore 
if the root contains a figure in the ten's place, it must be sought 
among the figures at the left of the first five places counting 
firom die right. Also if the root contains a figure in the hun- 
di^'s place, it must be sought at the left of the first ten figures. 
This shows that the number may be divided into periods of 
five figures-each, beginning at me right. The number so pre- 
pared will stand 

544,35324,00000 (340 
243 



Dividend. 3013 (405 Divisor. 

544 35324 

* 00000 
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In the first place I find the greatest 5th power in 544. It is 
343, the root of which is 3. iwiite 3 in the root, and subtract 
243^ the 5th power of 3, fi-om 244. The remainder must con- 
tain 6 a* x + 10 a*a^+y &c. The S, that pwft of dieiX)ot al- 
ready found, and which, by the Aumber of periods, must be 
300, answers to a in the formula. 5 a*j that is, five times the 
fourth power of 300 will form only an espfgomamtd divisor, 
Bince. tne remainder x^onsists of several terms besides 5 a* x; 
still it w91 enable us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourdi power 
of 30 will have jio significant figure below 10000, (we may 
consider 3 to be in &e ten's place, with regard to the next 
figure to be found,) we may brii^ down only opb figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divisor at 
least 6 times, but jurobably 6 is too laige ((x the toot Tfjr ^• 
This gives for the first two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,25334. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hsnce 
34 is right. Subtract this from the number, there is no re- 
mainder. There is still another period, but it contains no sig- 
nificant figure, therefore the next figure is 0, and the root is 
340. The 5th pjower of 840 is 6,443,5^,400,000. If Acre 
had been a remainder after subtracting the 5ith power of 34, it 
would have been necessary to bring down the next figure of 
the i^uudber to it to form a dividend, and then to divide it.l:gr 5 
times the 4th power of 34 ; and to proceed in all roEpects as 
before. 

The process xrf* extracting r^oolB above the aecond is vei^ te- 
dious. A method io£ doiniff it by logarithms will heieafier be 
shown, by which it may be nvuch more e^^peditiouriy per- 
formed. 

1. What is the 5th root of 15937022465957 i 

2. What is liie 4th root of 36469158961 ? 

For this, the fourth root ma^ be extracted directly, or it may 
be done by two extractions .ih the second root. Let the learner 
do it both ways. 



XL. FraeHonal ExponenU. 197 

a* What is the 6th root of 481890304 ? 

Tliis may be done by extracting the 6th root directly, or by 
extracting first the second and then the third root Let it be 
done both ways. 

4. What is the 7th root of 13492928512 ? 

XL. Fracikmal ExponevUs and tratianal Quaniiiies. 

The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, ^ves rise to fractional exponents, 
when they cannot be exactly mvided by the number expressing 
the root. Since quantities of this kind fi^quently occur, ma- 
thematicians have invented methods of performing the diifer- 
ent operations upon them in the same manner as if the roots 
could be found exactly ; and thus putting oiT the actual ex- 
tracting of the root until the last, if it happens to be most con- 
venient. The expressions also may often be reduced to others 
much more simple, and whose roots may be more easily found. 

It has been already observed that the root of a quantity con- 
sisting of several &ctors, is the same as the product of the 
roots of the several factors. 

* Hence (a'6')* = (a*)* (6')* =a'A. 

(a-)* = («•)*. (a)* = (a)*, (a)* (a)* 

ill i H i 

= a*, or. a' = a.a^ =a ^ = a*. 

We see that the same expression may be written in a great 
many dififerent forms. The most remarkable of the aboye are 

I U 1+1 1 

On this principle we may actually take the root of a part of 
the factors of a quantity when they have roots, and leave the 
roots of the others to be taken by approximation at a conve- 
nient time. 

The quantity (72 a' J* cy may be resolved into factors thus. 

(2 X 36 a*a6*6c)* = (36 a* 6*)*. (2 a 6 c)*. 

17* 
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The tpot of the fint ftctxnr S6 «^ i^ MB be iomA exactly, 
mid the expression becomes 

6a5«(2a6c)'*. 

This expression is much more sinmle than the otb^i for now 
itis necessary to find the root of only 2 ab e. 
The expression might have been put in this form, 

(72)* Jb* c^ziz (36.2)* a^* 6^* c* = 6.2* o a* b* 6* c* 

==6ai*(2«4c)*. 

1. Reduce (16 a* b*y to its simplest form. 

Arts. 2 a ft (2 a* ft)*. 

2. Reduce (54 a ^^)^ to its simplest form. 

3. Reduce ■ J\^ i* to Us simplest form. 

7 ft \3 ft c/ 

4. Reduce (16 a' ft* + 32 a* 6* m)* to its simplest form. 
(16a'ft' + 32a»6»m)* = (16a*6^)* (aft' + i^w)* 

.fltw. 4 a ft (o 6' + 2 ft w)* 

5. Reduce /135aV-108aVj;'\* j^^ ^j^^^j g^^ 

Sometimes it is conyenient to multiply a root by another 
quantity, or one root by another. 

If it is required to multiply (3 a* ft)* by a A, it may be express- 
ed thus : a ft (3 a' ft)^. But if it is required actually to unite 
them, a ft must first be raised to the second power, aiid the pro- 
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duct i»eooaieB (3 a« b^y. Thu will appear more plain ia the 
Aflowing mnwert (, 

(3 a* 6)* =3* a i* 
This multiplied by a & is 

3* a 6* X fl i = 3* a« i^* = 3* a* 6* = (8a* ft')*". 

If instead of enclosing the quantity in the parenthesis and 
writing the exponent ofthe root over it, we divide the expo- 
nent of all tfie fitetors by the exponent ofthe root, all the cq>e- 
rations will be very simple* 

Let or be multiplied by dr. 

«*x «* = «*+*=«. 

«t* X a* = a*"*"* =s «* = «•. 

a^ b^ X o^ i^ = a3+^ i^+* = a^ J*. 

That is, multiplication is performed on similar quantities by 
adding the exponents, as when the exponents are whole num- 
bers. In like manner division is performed by subtracting the 
exponents. 

cfl I — # *. 
_ = o* ^ = o' 

5 

It must be observed that a^ may be read, the Mrd root ofthe 
secondpower ofa^ or the second poioer ofthe third root of a. For 

the 3d root. of a* is a* ; and 

a^ X cr ^ o*"^* =;= a*. 
The 3d power of a^ is 

Tliat is, a power of a root may be found by multiply- 
ing the fractional exponent by the exponent of the power. 
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Consequently a root of a root may be found by dividuiff the 
fractional ind^sx by the exponent of the root In multipr|ring 
and dividing the fractional exponents, we must apply the same 
rules that we apply to common fractions. 

The 3d root of a* is aJ. 

The 3d root of o'^ is J. 

The 5th root of a^ b^ is a^^ b^^^. 

If the numerator and denominator both be multiplied or di- 
vided by the same number, the value of the quantify will not 
be altered ; for that is the same as raising it to a power, and 
then extracting the root. 

I- t -14 
a^ = a» = a ' «. 

If it is requir^ to multipl]^ a ' by a^, the fractions may be 
reduced to a common denominator and added : thus, 

o* X a* = o* X o^ = a^ = a^* = a a*. 

The same may be done in division and the exponents sub- 
tracted. 

3 • 

a* a** a** 

In fact, quantities with fractional exponents are subject to 
precisely the same rules, as when the exponents ate whole 
numbers ; but the rules must be applied as to fractions. The 
fractions may be reduced to decmials without altering the 
value ; thus 

J ^ Ji -. J-25 _ « w ,.25 _ ^ ^ .2' .05 
a*=;ia*=:a =aXA zraXo Xo 

== a X a" X a^^^. 
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«^ X «^ = «^-^^ X «-^ = a2-35 = a2 X a^V x at*- 

It is very important to remember bow theie quaatities ma|r 
be separated into fiict(»s. Since multiplicatton is perfoimed 
by adding the exponents, and division by airibteacting tbem, aiqr 
quantity may be separated into as many fectots as we ploase , 
by sqpdrating t^ exponent into parts. IbuSi 

a* = a' X a* = a X a* = a X fl* X a* 

= a » X a X a' X «* X a* X «* X a*. 

The s«B«f all the expoBents in the lafit^expnefiaonis 6. Lflh 
■gariAms are of the flsnae nature as these expeniMitfiff and afford 
as great a facility in operating upon numbers, as these do iqpM 
letters. And the operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the Toots express- 
ed by what are called radicd signs. The second root is ex- 

, 3 

pressed with the sign ^ , the third root V~ ^ same sign 
with the index of the root over it. The 4th reot is j^ ^ d»c. 

a^ z=i ^ a 



a* 


zz: 


3 


«* 


^z: 


v^ 


J 


z^ 


V'o* 


2i 


2 


6^. 



A^ = V ««'**» *^c- 

They will be easily xmderstoodif the radical sign be removed, 
and the exponents mvided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it. 

4 

The expression 4/ 5 a* 6' becomes 
/ The expression j^ a* + 6* is equivalent to (a* -f- l>*y 
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XU. Biriamial Theorem. 

It has already been remarked that the powers of any quanti- 
ty are found by multiplying the quantity into itself as many 
tmies, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without goin^ through the process of multiplication. 

The principle on which this method is founded is called the 
Binowiial Theorem, Its use is very important and extensive in 
algebraic operations. 

Next to quantities consisting of only one term, binomials, or 
quantities consisting of two terms, are the most simple. 

Let a few of the powers of a -{-x he found and their forma- 
tion attended to. 

(a + cf)* = a -f- a: 



a -fa: 



X 



a* a? -|-2aa:?" + a:^ 






a* + 3o*a? + 30*3:^ +«a?' 

a^x + Scfa? + 2ax^-\-a^ 

(a -{-«)*= (J* -}-4o'a? + 6fl*a:?"-|-4aa?*-f a?* 

o -f- a? 

a' + 4tf*ir-|-6a"a?*-|-4fl*a?' -f-aa?* . 

a*a?-f-4a*a:?*-|-6a'a:' -f- 4 ax* -|-a?* 

(a+a?)'=r a*+ 5 a* x + I0a^ a^+ lOa^x^ + 5ax* -fa?*. 
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The law of the fonnation of the literal part is sufficiently 
manifest. 

In each power there is one teim more than the number de- 
noting the power to which it is raised. The first power con- 
sists of two terms, the second power of three terms, the thiid 
power of four terms, &c. 

In every power a is found in every term except the last, and 
X is found in every term except the first. The exponent of a in 
the first term is the same as the exponent of the power to 
which the binomial is raised, and it diminishes by one in each 
succeeding term. 

The exponent ofx in the second teim is 1, and it increases 
by one in each succeeding term, until in the last teim it is the 
same as that of a in the fintt term. 

The law of the coefiicients is not so simple, though it is not 
less remarkable. 

The coefiicients of the first power, viz. a-^Xj are 1, 1 ; those 
of the second power are 1, 2, 1. These are formed fi^ the 
first as follows. When a is multiplied by a, it produces a*, 
and no other term being produced like it, there is nothing add- 
ed to it, and it remains with the same coefficient as the a m the 
multiplicand. In multiplying xhj a and afterward a by Xj 
two similar terms are produced, having the coefficients of the 
a and x in the multiplicand, viz. 1 and 1 ; and the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 3, 1. The Is 
are produced fit>m the second power, as those of the second 
power are produced firom the fu^t. In multiplying 2axhj a, 
the term produced is 2 a' x^ having the coefl^cient of the se^ 
cond term of the multiplicand ; and in multiplying a* by Xj the 
term produced is a* x, similar to the last, and having the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these twb terms produces the 3 before a* x. 
That is, the coefficient of the second term of the third power is 
formed by adding together the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 
cond and third terms of the second power. 

The following law virill be found on examination to be ge- 
neral. . 
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The ccMffieienk of tb& firsi term, of ^ietf power, ii^ 1. The 
<;(yefficient of the second term of every power is formed by adci- 
ing tegiBthoB the Qoeiicieiits of the fiiBt and seecNod teraia of 
the preeedia^poRveiw The coefficient of the thiid term of 
eveiy power is fooned by addias together the coefficients of 
the second and third terms of the preceding powec. The co* 
efficient of the foortb teon of every power is found by adding 
together the Goeffieientfr of the third and fourtb tenns of the 
iweeeding power. And so of the rest. 

Thisc wv, though perhaps si^ciently evident by inspection, 
may be easily demonstrated. 

Suppose the above law to hold true as &r as aoBie power 
which, we may designate by n.. The literal part of tm nth 
power will be form^ thus. 



We cannot write all the terms without assigninea pajrticidar 
value to n. We can write a few of the first and last. The 
points between^ show that the number of terms is indeteiminate ; 
there may or may not be more than are written* 

Suppose that A is the coefficient of the second term, B that 
of the third, &.c. and let the whole be multiplied by a + ^ 
which will produce the next higher power, or the (ii-{- l)th 
power. 
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In this result we observe that the exponents of both a and x 
are increased by I in each term, and there is still one term 
without X and another without a. Before the terms of the pro- 
duct were added, there were twice as many terms in the pro- 
duct as in the multiplicand, but they have all united two by 
two except the first and last. The terms Co*^ a?* and Fa' 
x^^' have not united with any others, but it is evident that they 
.would have done so, if all the terms could have been written. 
There is then one more term in this power than in the last. 

The coefficient of the first teim is still 1. That of the se- 
cond is the sum of the coefficients of the first and second terms 
of the multiplicand, viz. 1 -4- A. That of the third is the sum 
of the coeflScients of the second and third terms of the multi- 
plicand, viz. A + B ^ &c. 

The above formula shows that if the law above mentioned is 
true for one power, it will be so for the next higher power. 
We have seen that it is true for the dth power, therefore it will 
be true^ for the 6th ; being true for the 6th, it will be so for the 
7th, &c. 

Let the coefficients of several of the first powers be written 
without the letters, forming them by the above principle. 

First observe that (a -}- a:)® = 1. 

Adding to this 1 gives 1, and then again on the other 
side gives 1. Hence we have 1, 1 for the coefficients of the 
first power. 

Adding to the first 1 gives 1 ; adding 1 and 1 gives 2, and 
then 1 and are 1. Hence the coefficients of the second pow- 
er are 1, 2, 1. 

Again, 0-1- 1 = 1 ; 1 +2=3; 2 + 1=3; 1+0=1. 
Hence 1, 3, 3, 1 are the coefficients of the third power. 

Again, + 1 = 1; l + 3 = 4;3 + 3 = 6;3 + l=4; 
and 1 + 0=1. Hence 1, 4, 6, 4, 1 are the coefficients of the 
fourth power. 

Again, 0+1=1; 1 +4 = 6; 4 + 6 = 10; 6 + 4 = 10; 
4 + 1 = 5 ; and 1 + = 1. Hence 1, 5, 10, 10, 6, 1 are the 
coefficients of the 5th power, &c. 
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The Coefficients of the first Ten Powers. 

i 
1 1 
1 2 1 
13 3 1 
14 6 4 1 
1 5 10 10 5 1 
1 6 16 20 16 6 1 
1 7 21 36 36 21 7 1 
1 8 28 66 70 66 28 8 1 
1 9 36 84 126 126 84 36 9 1 
1 10 46 120 210 262 210 120 46 10 1 

Here we observe that the first row of figures ta^en obliquely 
downward is the series of numbers 1, 1, 1, &c. 

The second tow is the series of natural numbers, 1? ^i 3, 4, 
5 J &c. whose differences are 1. 

The third row is the series 1, 3, 6, 10, 16, &c. whose difier- 
ences are the last series, viz. 1, 2, 3, 4, &c. 

The fourth row is the series 1,4, 10, 20, 36, &c« whose dif- 
ferences are the last series, viz. 1, 3, 6, 10, &c. Each succes- 
sive row is a series, whose differences form the preceding row. 

We may observe farther that the coefficient of the second 
tenn of any power is the term of the series 1, 2, 3, 4, &c» de- 
noted by the exponent of the power. That of the second pow- 
er, is the second term ; that of the third power, the third term ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denotes the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 

The coefiicient of the third term of any power is the term of 
the lories 1, 3, 6, 10, &c, denoted by the exponent of the pow* 
er diminished by 1. That of the third power is the second 
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tenn, that of the fourth power the third term, that of the nth 
power the (n— * l)th term, Ac. . 

The coefficient of the fourth term of any power is the term 
of the series 1, 4, 10, 20, &c» denoted by the exponent of llie 
power diminished by 2. That of the fourth power is the se- 
cond term, that of the fifth power is the third term, that of the 
nth power is the (n— 2)th term. And so on as we {proceed to 
the right, the place of the term in the series is diminished 
byl. 

We may observe another remarkable fact, the reason of which 
will be manifest on recurring to the formation of these series. 
We shall take die 7th power for an example, though it is equal- 
ly true of any other. 

The coefficient of die second term, viz. 7, is the sum of 7 
terms of the preceding series 1, 1, 1, <bc. anwl was in fact form- 
ed by adding them. 

The coefficient of the third term, 21, is the sum of the first 
six terms of the preceding series, 1, 2, 3, &c. and was actually 
formed by adding them, as taay be seen by refening to die for- 
mation. 

The coefficient of the fourth term, 35, is the sum of the first 
five terms of the preceding series, 1, 3, 6, 10^ &c. and was 
formed by adding them. 

The same law continues through the whole. If now we can 
discover a simple method of finding lh6 sums of these series 
without actually forming the series themselves, it will be easy 
to find the coefficients oi any power without forming the pre- 
ceding powers. TIus will be our next inquiry. 

XLII. Snmmatkm of Series by Differenees. 

It is not my purpose at present to enter veiy minutely into 
the theory of series. I shall examine only a tew of the most 
simple of them, and those principally with a view of demon- 
strating the binomial theorem. 

A series by differences is several numbers arranged together, 
the successive terms of which differ firom each other by some 
regular law. 
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I call a series of the first order that, in which all the terms 
are alike, as 1, 1, 1, 1, &c» 3, 3, 3^ 3, &c. a, a, o, a, &c. In 
these the diflference is zero. 

The siun of aH the terms of such a series is evidently found 
by multiplying one of the terms by the number of terms in the 
series. Every case of multiplication is an example of finding 
the sum of such a series. 

The sum « of a number n of terms of any series a, a^ a, &c. 
iseq^ressed 

_ _ na 

9 — ^ > 
1 

When a = 1, it becomes « = .. 

1 

A series in which the terms increase or diminish by a con- 
stant difference, is called a series of the second order. As 1, 2, 
3, 4, 5, &c. 3, 6, 9, 12, &c. or 12, 9, 6, 3. A ^ries of this 
kind is formed from a series of the fintt order. The differences 
between the successive terms form the series from which it is 
derived. 

At present I shall examine only the series of natural num- 
bers 1, 2, 3, 4, n. 

This series is formed as follows : 

+ 1 = 1 

1 + 1 =2 
1+1+1=3 

1+1+1+1=4 
1 + 1 + 1 + 1 4. 1 =: 6, &c. 

The sum of any number n of terms of the series 1, 1, 1, 1, &.c. 
is equal to the nth term of the series 1, 2, 3, 4, &c. 

Write down two of these series as follows and add the cor- 
responding terms of the two together. 

1, 2, 3, 4, 6 
5, 4, 3, 2, 1 



6, 6, 6, 6, 6 
18* 



1, 2) S, 4, . . . (fi— 3), (r>— »), (w— 1,) n 
n, (n— l),(w— 2),(ft— 3) 4, 3, 2, 1 



(»+l)r(n+l),(n+l},(n+l)...(n+l)i(n+i)»(iMhl),(*i+l) 

The 6th teim of the series is 6, and it appears that 5 times 
6 will be twice the sum of 5 terms of the series. 

The {n -^ i)th leftn of tlie series 1, % 9, 4^ Stc.i^H+i. It 
appears that n times (n + 1) will be twice the sum^^ telfiBOf 
the series. 

The sum «^ of any number n of terms may be expressed 
thus. 

^_ n{n+ i) 
1.2 

It is frequently convenient to use the same letter an similar 
situations to egress different values. In order to distinguish 
it in different places, it niay be marked thus, s^ sfj sf\tf^\ which 
may be read s^ s prime, s second, s third, &c. 

How many times does the hammer of a clock strike in 12 
hours ? 

In this example n = 12 n -^ 1 = 13. 

12 X 13 _ 



1 X 2 



= 76. .9n». ?8 times. 



The rule expressed in words is ; To find the sum of any ntm- 
ber of terms of the series 1, 2, 3, 4, &c. find the next succeeding 
term in the series j and mudtiply it by the numher of terms in the 
setieSj and divide the product by 2. 

The same thing may be proved in another form which is 
more Conformable to the method that will be used for the aeries 
of the higher orders. 

Si^pose it is required to find the sum of the first five te^ns 
of the series. 

The sixth term of the series is the sum of 6 terms of the se* 
ries, 1, 1, 1, &c. thus 

l^.l-f-l^.l-j-l^.lrt6. 
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iM ^Abi MriOfl b^ wtitMi itowB -fird fitfittS} ^M Miter the 
4^di6r, thus. 


































If this series be divided by a line i>a88iiu|[ diagonally through 
it, so that the part below and at the left of the line may con- 
tain one tenn Of th6 first series, ttvo of the second, three of the 
third, fotti* ^f tiie fourth, ^nd five of the fifth ; the tenns so se- 
parated will form the first five terms of the series 1, 2, 3, &c. 
Thisi^ wA tie di6 mai^ liutnber of terms <tbove tiAd at the right 
^th6 lifii^, whkih vHH fontt ^Ae Miie series, if the tertas be 
ad^tod vertit6ally instead of horizontal^. 

l,\l, 1, 1, I. 

1, i\l, 1, 1, 

1, 1, i\l, 1, 

i, 1, 1, l\t 

^, t, t, 1, 

It is ^a^ 10 «^ that tiMs ^ries t»miiiiUed >lo mjr ntullMrtof 
tenns will be formed fi#iee <)tver in tirif wi^, i£the kutnbte <tf 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reaifon of it is manifest firom 
the manner in which the two series aie formed. 

'Hence n times the series coiiisisting of n-f- 1 terms of the 
series 1, 1, 1, 1, &c. wiU be twio^ thd subI s' of n terms of the 
series 1, 2, 3, 4, <&c. 



That is, 2 ^^ = n (n + 1) and 
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A.aeries of the third order is one, the difference of thd sacce»- 
sive terms of which is a series of the second order. I shall 
consider only the series formed from the series 1, 2, 3, &c. 





Formation 


« 







! 

+ 1 = 


+ l;±: 


• 

1 




1+2 = 


1 + 2 = 


3 




1-1-2 + 3 = 


3 + 3 = 


6 




1+2^-3 + 4 = 


6+4 = 


10 

■ 


M 


1+2+3+4+5 = 


10 + 5 = 


15 




1+2 + 3 + 4+5+6 = 


15 + 6 = 


21,<&c. 



The first term of the series l, 2, 3, &c. forms the first teim ; 
the sum of the first two terms forms the second ; the sum' of 
the first three forms the third term, d^c. and the sum of n tams 
will form the nth term of the series 1, 3, 6, 10, &c. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, 21, &c. 

The sixth term of this series is the sum of the first 6 terms 
of the series 1, 2, 3, &c. 

1 + 2 + 3 + 4 + 5 + 6 = l^Z = 2 1 = 6th term. 

2 

Write this series five times one under the other, and draw a 
line diagonally so as to leave on the left and below, the first 
term of the first, the first two of the second, the first three of 
the third, &c. and the first five of the fifth. 

1,\2, 3, 4, 5, 6 

1, 2\3, 4, 5, 6 

2, 3\4, 5, 6 , 

2, 3, 4\5, 6 



2, 3, 4, 5,\6 
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The figures 86 cm offferdi th^ tm ftve temii of the series 

1, 3, 6, 10, 15, &c. the sum of which we wish to find. It wi|l 
now be shown that the sum of the terms on the riffht and 
above the line, is equal to twice the sum of those below and 
at the left. 

fiy the rule given above for finding the 8IIII1 of the series 1, 

2, 3, <&c. 

The sum of 1 term, or 1 = iil-?. 

2 

Thesumof2tenns,orl+2 =i><i. 

2 

The sum of 3 termS) or 1 +2 + 8 x= ??$»1> 



Thesumof4teinis, or 1+2 + 3+4 m 12L^ 

The sum of 6 terms, or 1 + 3 + 3 + 4 + 6 = iiL?, 

Hence 2(1) c=lx2 

2(1+2) =2X3 

2(1+2 + 3) =2^3X4 

2 (1+2 + 3 + 4) =i:4x5 

20+2 + 3 + 4 + 6) =6X6 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1 + S + 3), 

The four fives in« twiK^e (1 +2 + 3 + 4), and 

The five sixes are twice (1 + 2 + 3 + 4 + fi). 

Since the jMurt below the line forms the series li^ose sufti is 
required, and the pert above the line is equal to twice that be- 
low, both parts together are equal to three times the series 1, 
3, 6, 10, 16. Therefore if 21, which is the next term in the 
series, and which is also the sum of the series 1, 2, 3, 4, 6, 6, 
be multiplied by 6, the number of terms to be sununed, and 



214 JUgAra. XLII. 

divided by 3, the quotient will be thd sum of the seri^ re- 
quired. 

' It is easy to see that if the series 1, 2, 3, ... (n + 1) be writ- 
ten n times and divided by a line like the above, the part be- 
low the line will foi[m n terms of the series 1, 3, 6, 10, &c. 
And the part above the line will be equal to twice the part be- 
low, because the sum of n terms of the series !> 2, 3, &c.-is 

n(n + 1) 
1X2' 

Therefore to find the suin of n terms of the series 1, 3, 6, 10, 
multiply the (n -{7 l)th term of that series by n and divide by 
3, and the quotient will be the sum required. 

But the (n -|- l)th term of the series is equal to the sum of 
( n + I) terms of Uie series 1, 2, 3, 4, &c. The nth term of 

this series being !L(!L±i), the (fi+ l)th teim will be 

(n-hl)(n-h2) 
1X2 

This being multiplied by n, the number of terms, and divided 
by 3, gives 

s * 

n(n-hl)(n-h2) 
1X2X3 

Hence the sum t^' of n terms of the series will be ezpfeased 
thus, , 

^/^ >>(n+l)(n + 2) 
1 Xl X 3 

A series of the fourth order is one, the difference of whose 
terms is a series of the third order. 

I shall at present consider only the one formed from the 
series 1, 3, 6, 10, 15, &c. 



XLn. Summatum of Series by Differences. 316 

Formation. 

i 

0+1 = 0+ 1= 1 

1+3 = 1+ 3= 4 

1+3 + 6 =4+6 = 10 

1 + 3 + 6+10 =10 +'10 = 20 

1+3 + 6+10 + 15 =20 + 15 = 35 

1 + 3 + 6 + 10 + 15 + 21 =35+21 = 56 

The first tenn of the series 1, 3, 6, &c. is the first term df the 
new series ; the sum of the firsttwo terms forms die second ; 
&c. the sum of n terms will form die nth term of the new 
series. 

It is required to find the sum of five terms of this series^ 

The sixth term of this series is equal to the sum of the first 
six terms of the preceding, 

1 -f 3 + 6 + 10 + 16 + 21=tl?Ll2!L?=:66. 

1X2X3 

Write this series five times, one under the other, and sefMi- 
rate it into two parts by a line drawn diagonally in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required, and the tenns 
above the line will be equal to three times those below. That 
is, the whole will be four times the sum required. 

1,\ 3, 6, 10, 15, Stl 

\ 

1, 3\' 6, 10, 15, 21 

1, 3, V\10> 15, 21 
\, 3, 6, lo\l5, 21 
1, 3, 6, 10, 15/^ 21 
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By the rule given above for finding the sum of the series 1, 
3, 6, 10, &c. 

Tte sum of ^ne tern, or 1 -^ = 1- 

^ 2x6 
The sum of two terms, or 1 + 3 2= -£i- = 4. 

Q V 10 

The sum of three terms, or 1 +3 + 6 = ■ :; .- = 10. 
The8um^fourtenn«,orl + 3 + 6+10= ^^^^ = 20. 

The sum of five terms, or 1+3-f 6+10+15 = ^^— = 36. 

The five 21s are 3 times 1+3 + 6 + 10 + 15. 

The four 15s are 3 times 1 + ^ + 6 + 10 

and so of the rest. 

It is easy to see that this principle will etxtend to any number 
of terms. 

Therefore to find the sum of n terms of the series 1, 4, 10, 
^, &c., multiply the (n + l)th term of the series by n, and 
divide tihfe product by 4, and the quotient will be the sum re- 
({uiTed. 

But the (n + l)Ui teim of thi4 aeries is equal to the suBBt of 
(n + 1) terms of the preceding series. 
The nth term of the preceding series being 

ti (n + 1) (n + 2) 

jxa X 3 ' 

the (n + l)th term will be 

(n + l)(» + 2)(n + 3) 
1 X 2 ,X 3 

This bemg multiplied by n and divided by 4, gives 

*"' = «(«+l)(«4-2)C» + 3) 
1X2X3X4 



1 
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' XLIIL The principle of summing these series may be 
proved generally as follows : . 

Let IfGibjCyd 2 be a series of any order, such that 

the sum of n teims aiay be (bund by multiplying the (n -|- l)th 
term by n, and dividing the product by m. If Hs the (n + 1) 
th term, and a the sum of all the terms, we shall have by hy- 
pothesis 

nl 
a =s — , and m « =r n 2. 

That is, n I will be m times the sum of the series. Tbm next 
higher series will be formed from this as follows : 



1 


= 1st term. 


1 + a . 


. =2d « 


I + a + b 


= 3d « 


1 +a + b + c 


= 4th « 


t+0+b+e+d 


• • • • 



I +a + b + c + d + ....k =:»th " 
1 +a 4-ft + c + d + .•..* + 2= (n+ l)th. 

The first term 1 of the original series 1, a, ft, &c., forms the 
first term of the new series ; the sum of the first two forms the 
second term ; the sum of the first three forms the third term, 
&c., and the sum of (n + 1) terms forms the (n -p- l)th term. 

.Let the series forming the (n 4- l)th term, be written n 
times, one under the other, term for term. And let a line be 
drawn diagonally, so that the first term of the. first row, the 
first two of the second row, and n terms of the nth row may be 
at the left, and below the line. 

19 
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1, a, \6, c, rf, . Av ' 



1, a, 4,\c> ^ij • *j ' 



1, a, 6, c, \^> • *» ' 



1, €t^ by c, ^9 \ * ^9 I 



ly a, 6, c, (2) • \ iy I 



1, a, &, c, dj • A;, \ 2 



The terms below and at the I^ft of the line, form n tenns of 
the new series. It is now to be shown that the terms above, 
and at the right of the line, are equal to m times those below, 
and, consequently, that the whole together are equal to m + 
1 times n terms of the new series. 



By the hypothesis 

The sum of one tenn, or 1 

The sum of two terms, or 1 -f* ^ = 

* - - 

The sum of three terms, or 1 + a 4- ^ = 

■ , • 

The som'of four terms, or 1 + « + ^ + ^ = 

The'sum of n terms, orl + ^+^ + ^ + ^ + »** = 



1 a 

• • 

.A 

,26 
m 

.3c 

• ■ < 

m 

4d 

m 

nl^ 
m 
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Multiplying both tn^ooibers of the above equations by m: 
m. I = 1 «• 

» (1 + a) =26 

III (1 + -a + 5) = 3 c 

m{l +a + b + c) :=z4d 

m(l + a + 6-f-c + rf-(-...*) =nZ 

Hence it appears, that a is m times 1 ; 2 & is m times (1 + a) 

&c. ; and nliam times (1 + a + 6 + ^ + ^+*---A); ^&t 

is, the part above and at the right of the line, is m times the 

part at the left and below ; consequently the whole, or n timos 

the (n -f" l)th term of the new series, will be (m -f- 1) tiTjies 

the sum of n terms of the same series. 

We have already examined all the series as far as the iburth 
order, and have found the above hypothesis true so &i. Let 
us sujqpose the series 1, cr, &, &c. to be a series of the fourth 
order, in which we have found that the sum of n tenof may be 
obtained by multiplying the (n + l)th temvby n, and cfividing 
the product by 4 ; in this case m is equal to 4. The series 
formed from this will be a series of the 5th . order, and m + 1 
= 4 + 1=6. Therefore by the above demonstration it ap- 
pears that the sum of n terms of a series of the 5th orcfer may 
be obtained by multiplying the (n + l)th term by n, and 
dividing the product oy 5. 

If now the series, 1, a, (, &.c., be considered a series of the 
5th order, m = 5 and m -f- 1 = 6. Hence the same princi- 
ple extends to the 6th order. 

If then we continue to make 1, a, &, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

To find the sum of n terms of a series of the order denoted 
by r, derived from the series 1, 1, 1, &c.,'mti&tp{jf tAe fn -|- l)th 
term of the series by n and divide the product by r. 

Also, the nth term of the series of the order r, is equal to the 
stun of n terms of the series of the order r — 1. 



WhoB dw flsnet is of <Iie firet ordkir, Aeranof.n fMUj^ is 

1 1 

The sum of (n + 1) terms of this series is 7^ * . 19iis is 

the {n *y })th term of the series of the second order. This 
multiplied by n and divided by % gives the sum of n teims of 
the series of the second order: 

n (n + 1) 

I' l l I ' » 

1X2 
The sum of (n -^1) terms of the same series is 

(at-f l)(ii+2 ) 
1 X 2 

This iff the (» 4* l)th term of the series of the thtid ovder. 
This miAiplied' by-n sAd divided by 3 gives die som of iiMM 
of this juries : 

n(n-fl)(n + 2) 
1X2X3 

The sum of (n -|-r 1) terms of the last series is 

(n + l)(n + 2)(ii+3) 
1X2X3 

This is the (n + l)th term of the series* of die fourth onler. 
This multiplied by n and divided by 4 gives tnesum otn terovi 
of the series of the fourth order : 

»(n + l) (n + 2) (n 4> 3) . 
1X2X3X4* 

Hence for the series of the order r we have this, formula : 

ii(n + l)(n + 2)(»+3),...(» + r— t) 
1X2 X 3 X 4 X . • . . r 

We have examined only the series formed from the series 1, 
1> 1, 1, &€«, which are sufficient; for our present puipose^ llie 
principle may be genereibed so as to find the sum of aay series 
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of the kind, whatever be the original* seriet^ and whatever be 

the first terms of those formed firom it. 
« 

XLIV. Binomial Theorem. 

Bc^re reading this article, it iis recomm^gnded to the leambr 
to rtfvfew article XL!. 

Let it now be required to find the 7th power of a +«• Th^ 
'letters without the coefficients stand thus; 

a', a* a:, a* o?^, €f a?', a* a?*, a* a?*, a a*, «'. 

The coefficient of the first term we ot^served Art. XLI^ is 
^ always 1. That of the second term is 7, the exponent of the 
power, or the 7th term of the Miietf 1, 2, 3, &c. 

Th^ coefficient of the third tenn is the sixth term of the 
s^ed of the third' order 1, 3^, 6, 10, &c. which is the sum of six 
terms of the series 1, 2, 3, &c. This sum is found by multi- 
plj^ng the 7th tenn of the series by 6 and dividii^ the product 
by 2. But the 7th tenn is 7, the coefficient last round. 

L><J = 21. 

2 

The coefficient is 21. 

The coefficient of the fourth term is the 5th term of the 
series 1, 4, 10, &c., or it is thie sum of five tenns of the preced- 
ing series. The sum of five )erms of the series 1, 3, 6, &c., is 
found by multiplying the 6th term by 5 and dividing the pro- 
duct by 3. The 6m term is the coefiScidnt last fotind, viz. 21. 

3 

r 

The coefficient is 35. 

l%e coefficient of the fifth tenn is the fourth term of the 
series of the fifth ord^r' 1, 5, 15, dtc, or it is the sum of 4 terms 
of the preceding series. The sum of 4 terms of the series 1, 
4,' 10, &c. is found by multiplying the fifth term of the series 
by 4 and dividing the prisduct hf 4. The fifth terfti id the co- 
eflfeient last foiihd, viz: 35. 

1:9 * 
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4X35 



4 
The coefficient is 35. 



= 35. 



The GoeffiQient of the 6th tenn is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series. of 
the 5th order. The sum of 3 terms of this series is found by 
multiplying the 4th term by 3 and dividing the product by 5. 
The 4th term is the coefficient last found, vi2. 35 

5 

The coefficient is 21. 

The coefl^cient of the 7th term is the 2d term of the series 
of the 7th order, which is the sum of two terms of the series of 
the.6th order. The 3d term of this series is the coefficient last 
found, viz. 21. 

2X21 _^ 
6 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be found 
by the rule 

7 

Hence the 7th power of a + a: is 

a'-|-7o«a?+21aV+35oV+35o»a;*+21a»a!* + 7fl«*+a;' 

Examining the formation of the above coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding term by the exponent of the leading 
quantity a in that term, and diriding the product by the num- 
ber which marks the place of that term. Thus the coefficient 
of the third term was found by multiplying 7, the coefficient of 
the second term, by 6, the exponent of a m the second term, 
and dividing the product by 2, the number which marks the. 
place of the second term. This will be true for dil cases, be- 
cause that exponent must necessarily show the number c^ t^ms 
of which the sum is to be found } the coefficient will always be 
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the term to be multiplied, because the number of teims al- 
ways diminishes by 1 for the successiYe coefficients, and the 
place of the term always marks the order of tfie series of which 
the sum is to be found. 

Hence is obtained the following general rule. 

Knaunng ^coeffidaU of ant/ term m the power f. the co^fiekni^f 
the suceeedifig term is found by muUiplying the coefficieni of the 
knovm term by the exponent of the leMlinff quantiiu in that term^ 
and dividing the product by the number wnai marla the place of 
that term from the first. 

The coefficient of the first t^m, being always 1, is always 
known. Therefore, beginning with this, all the others may be 
found by the rule. 

It nsv be fiurther observed, that the coefficients of the last 
half of the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 275, and observing that the series are the same, whether 
taken obliquely to the left or to the right. 

It is also evident firc»n this, that a + xis\he same sax-^a^ 
and that, taken firom right to left, x is the leading quanti^ in 
the same manner as a is the. leading quantity firom left to 
right. 

Hence it is sufficient to find coefficients of (me half of the 
terms when the number of terms is even, and of one more than 
half when the number is odd. The same coefficients may then 
be written before the corresponding terms counted fix>m the 
right 

In the above example of the 6th power, the coefficients of 
the first four terms being found, we may begin on the right 
and put 6 before the second, and 15 before the third, and thea 
the power is complete. . 

Examples. 

... • ' ^ 

1. What is the 7th power of a •+• a? .? 

•Aw. «' + 7fl*a? + 21a»«»+56tf*a:* + 35a'a:* + 21d*a^ 

+ 7aa^ + »V 



2. Whbt te die' HNk ^(mr^ 6f d + 0? ? 

252a''x\+210a*af + I20a'x^ + 4befaf + lOaj0 ^ai'\ 

3. What is thd ^ power of a -f 5 f 
^ Whatkr the 13di power of m 4- n? 

5. What is the 2id power of 2 ac + rf? 
M«ke2a'€srft. 

The 2d power of J +rf is 6* + 2 Jd + (P. 

Putting 2«c the value of ft into this, instead of b^ obser^ng 
that 6* =z4a* c*, and' it becomes 

4a*c* + 4o€rf + cP. 

6. What Ls the 3d power of 3 {^+26^!? 
Make a = 3c' and 0? =:2&(2. 

The 3d power of a + a? is cr* + 3«*a? + 3a«* -f a?'. 
Put into this the values* of a and x and it becomes 
2T(^ + 64 e* »d + 36 c*6" ip +8»» <P, 
which is the 3d power of 3 c' -|- 2 b d. 

7. Wbaristhe 3dpowerofa-^&f 

Hkke jir=z — bj then haldii^fbutid the 3d poweif of a + x 
put — - 6 in the place of or aiid it becoines- 

a» — 3a«J + 3aJ" — i', 

Whieh«i8 the 3d'power of a -^ &, 

Ih' ftet it is* evideilt that' tlil» poiv^n of tf ^ft will be th^ 
stKOtie dif thef i^o^ei^ of «f + &^ with the exception' (tf ther st^. 
It is also evident that everv term which ciitttdiis'anriodd power 
of the term affected with the sign — must have the sign — , 
and every term which contains an even power of the same 
quantity must have the sign +^ 

8. What is the 7th poweriof nt*— n ? 

9. What i^ tho 4tb ptoiter of 2 a-^ 6 c* ? 

10. What ir the 6th power of a' c — 2 c* ? 
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» 

11. What is the 3d power o(a + b + cf 
MAe m^b + e* Then a + m^^a-^-b+e. 

The 3d power ota+miaa* -j-Stfrn-i'Sam' -^^m*, 

Btttm:=& + <V nf = b* + 2bc + <^tWBd 

«• =5* + 3 J»c + 3 Jc* + c*. 

Snbslttating thidse vahies ofm^ the tfaiid p0w^ of -a + ft -f> e 
will be 

a*+3a^+3a*c+Sai"+6a»<j+3flc»+6*+3J"c-f3J(j*+c». 

12. W]ifttwthe3dpovi^erofa--6 + c? 

Maike a — 5 =^ m, raise m + c to the 3d power, and then sub- 
stitute the value of m. 

Jim. a* — 3a*6 + 3<^c + 3fl6* — eabc-^Sat? — t'.... 

which, is the same as the last, except that the teims which con- 
tain the odd powei»of fr have the i^ — . 

Hence ^ is evident that the powers of any compound <iuan- 
tity whatever, may be found by the binomial theorem, if the 
quantity b^ first changed to a binomial with two simple tenns, 
one letter being made equal to several, that binomial raised to 
the power required, and then the proper letters restored in their 
places. 

18. WhatiSB Ae2dp6werof«-f » + e— rf? 

Ans.cf + 2ab + V + ^ac+2bc — 2(ii — 2bd +(?...... 

— 2ed + JP. 

14. What is the 3d power of 2 a — & -{- c* 9 

16. What is the7th power of 3 a* — 2 a» d9 

16. What is the 4th power of 7 b* + 2 c -^ d!*? 

17. What is the 13th power of c? — 2 &• 9 

18. WlMIt is the 5<Ji powet of «' ^e-^f^d$ 

19. What is the 3d power of a — 2 d + c* d? 

20. What is the 3d power of a — i — 2 c» — • iP? 

21. What is the 5th power of 7 a?V — lO «• c*? 
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XLV. The rule for finding the coefficients of the poweis of 
binomials may be derived and expressed more generally as 
follows: 

It is required to find the coefficients of the nth power of 

a -^ X. 

It has already been observed, Art. XLI., that the coeffident 
of the second term of the nth power is the nth term of the se* 
ries of the second order, 1, 2, 3, &c., or, the sum of n tenns 
of the series 1, 1, 1, &c. ; that the coefficient of the third 
term is the sum of (n — 1) tenns of the series of the second 
order ; that the coefficient of the fourth term is the sum of 
(n — 2) terms of the series of the third order, &c. So that 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 
place of the term ; cmd the number of terms to be used is less 
oy one for each succeeding series. 

By Art. XLIL the sum of n terms of the series 1, 1, 1, is 

I The sum of (n — 1) terms of tiie series of the seco&d 
order is 

n(n — 1) 

The sum of (n — 2) teims of the series of the third order is 

n{n — 1) (n — 2 ) 
1X2X3 

Hence (a + «)» ==a» + !!a^'a? + !L(!LZZl)a«-^«* 

n(n-l)(n-2)^^3;,.^^^^ 
1X2X3 ^ 

It may be observed that n is the expcHient of a in the first 

term, and that n or its equal ~ forms the coefficient of the se- 
cond term. 1 
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The coefficient of the third term is ? multiplied by !!Zlf , or 

multiplied by (n — 1) and divided by 2/ But (n — 1) is the 

exponent of a in the 2d term, and 2 marks the place of the 
second term from the left. Therefore the coefficient of the 
third term is found by multiplying the coefficient of the second 
term by the exponent of a in that term, and dividing the pro- 
duct by the number which marks the place of that term from 
the left. 

By examining the other terms, die following general rale 
will be found true. 

Multiply the coefficient of any term by the exponent of the leadr 
ing quantity in that term^ and divide the product by the number that 
maris the place of that ,term from the tefty and you untt obtain the 
coefficient of the next succeeding term. Then diminish the exponent 
of the leamng quantity by 1 and increase that of the other by \ and 
me term is complete. 

By this rule only the requisite number of terms can be ob- 
tained. For a?*, which is properly the last term of (a + a?)", 
is the same as af^ x\ If we attempt by the rule to obtain ano- 
ther term from this, it becomes X o""' a? *+' which is equal to 
zero. 

It has been remarked above, that the coelSicients of the last 
half of the terms of any power^ are the same as those of the 
first reversed. This may be seen from the general expression : 

rr -.L n 7n — 1 6 n — 2 6 



., J J, 2 






2' 3 3' 


n — 3_4_ J . n — 
4 4 ' 5 


4 




3.n — 6_2. 
5' 6 6' 


n — 6 _ 1 

7 7 









This furnishes the following Sections, viz. 

f e 5 4 8 a 1 
T> 19 TJ T> T> f> T' 
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The first of these is the coefficient of the secmd term ; the 
eoeffieient of the second nraltiplied by f forms the coefficient 
of the third temii &c. 

^ X I = 21. 21 X i ==;: 35. 

Now 35 Qiultiplied by 4 = 1 will not be altered ; hence two 
successive coefficients will be alike. 21 multiplied by | pro- 
duced 35 ; so 35 multiplied by | must reproduce 21* In this 
way all the terms will oe reproduced ; for the last half of the 
fractions are the first half inverted. 

This demonstration might be made more general, bat it is 
not necessary. 



XLVI* Progression by Difftrence^ or Jbithmeticdl Progression^ 

* 

A 8erie9 of Dumben iocreaang or decnwnog by ft constaiU 
difference, is called a progmtion by d^erenut and soraetimes 
an arUkmetieal progres^. 

The first of the two following series is an example of an in^ 
creasing, and the second of a decreasing, progression by dif- 
ierence. 



5, 8, 11, 14, 17, 20, 23 
50, 45, 40, 35, 30, 25, 20 



It is easy to find any term in the series without calculating 
the intermediate terms^ if we know the first term, the common 
difference, and the number of that term in the series reckoned 
from the first. 

Let a be the first term, r the common difference, and n the 
number df terms. The series is 

«, a + *•» « 4" 2 ri a + 3r . . . . a + (»-— 2) r, a + (n — 1) r. 

The points ..... are used to show that some terms are left 
out of tne expression, as it is impossible to express the whole 
until a particular valut is given to n. 

Let I be the term required, then f 

^ lz=ia + {n — l)r. 
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. Hence, any tenn may be found by adding the product of the 
common difference by the number of terms less (me, to the first 
term. 

Examfie, 

What is the 10th term of the series 3, 5, 7, 9, &c. 
In this a = 3, r r=2, and n — 1 = 9. 

/ = 3+9Fx2 = 21. 
In a decreasing series, r is negative. 

Example* 

What is die 13th term of the series 48, 45, 42, &c. ? 

a = 48,r = — 3,and»— 1 =12. 

i=48 + (12X— 3) = 48 — 36 = 12. 

Let a, i, c, be any three succesrive terms in. a progression by 
difference. 

By the definition, 

s 

b'-^a =zc — b 
26=a + c 

6 = i±f. 
2 

Hiat is, if three successive teims in a progression by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

Example. 

Let the three terms be 3, 5, and 7. 

2x5 = 7+3= 10. 

Example 2d. Let 7 and 17 be the first and last term, what 
is the mean ? 

20 
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Let a, i, c, i2, be four successive tenns of a progression by 
difference. 

h — a = d — c 

That is, the sum of the two extremes is equal to the sum of 
the two means. 

Example. . 

Let 5, 9, 13, 17, be four successive terms. 

9+ 13=: 17 + 5 =22. 

Let a, &,c, d!, 6 %, t, A;, 7, be any number of terms in a 

progression by difierences ; by the definitioa we have 

ft — a = c — ft = cl— « = e — d = t — Acs t— tssi— *. 

b — a = Z — k 
c — J = ft — t 
rf — c = f — A, (fee. 

which by transposition give 

a + I = 5 + i, 

9 ^p m :rs € -p I. 

C + t = rf + A, &C. 

That is, if the first and last be added together, the second 
and the last but one, the thii^d wd the last but two, the sums 
will all be equal. 

ExeunpUp 
Let 3, 5, 7, 9, H, 13, be such a series. 



XLVI. Progresfian bg Difference. Ml 

3, 6, 7, 9, 11, 18^ 
13, 11, 9, 7, 6, 3, 

4 

16, 16, 16, 16, 16, 16. 

tt wilt now be easy to find the sum of all the tenus in any 
progression by difference, and that even when but part of the 
terms are known. 

Let 5 represent the sum of the series, then we have 

S=xa+i + c + J-f k^i + k + l 

Also S = / + * + » +h + ....d + c + b + a. 

Adding these tenn to term as they stand, 

But it has just been shown thai 

That is, all the terms are now equal, and one of them be- 
ing multiplied by tiie whole number of terms will give the 
wh<de sum : thus 

2S=:=»(a-H/) 

2 

Hence, the sum of a series of numbers in progression by differ- 
ence is one hiJ^ of ine product of the number of terms by the sum cf 
tht first and last terms. 

Example. 

HoW many strokes does the hammer of a clock strike in 13 
hours ? 

a 3= 1, / = 12, and n = 12. 

S'= ^^ (^ + ^g) = 78. Ans. 78 strokes. 

2 

In the fbrmula ! = d + (n — - 1) r ; substitute d instead oC 
t tb r^Bpresetit the difference j thuis 
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^his formula and the following 

^ _ n (g + Z) 

contain five different things, viz. a, l^ », dy and S; any three 
of which being given, the other two may be found, by combin- 
ing the two equations. I shsjl leave the learner to trace these 
himself as occasion may require. 

Examples in Progression by Difference. 

1. How many strokes do the clocks of Venice, which go <m 
to 24 o'clock, strike in a day ? 

2. Suppose lOQ stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards fi*om the first, and then go and pick them up one 
by one, and put them into the basket ? 

3. After A, who travelled at the rate of 4 miles an hour, had 
been set out 2f hours, B set out to overtake him, aiui i^ 
order thereto went four miles and a half the first hour, four and 
three fourths the second, five the third, and so on, increasing 
his rate one fourth of a mile each hour. In how many hours 
will he overtake A ? 

The above example is solved by using both the above for- 
piulas. The known quantities are the first tenn, the difference, 
and the sum of all the terms. The unknown are the last term, 
and the number of terms. It involves an equation of the se- 
cond degree. It is most convenient to use ^, y, <&c. for the 
unknown quantities. 

4. A and B set out firom London to go round the world, 
(24990 miles,) one going East and the other West. A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B ^oes 20 miles a 
idav. In how many days will they meet, and how many miles 
will each travel ? 

5. A traveller sets out for a certain place, and travels 1 mile 
the first day, 2 the second, and so on. In 5 d^s afterwards 
another sets out, and travels 12 miles a day. Blow long and 
how far must he travel to overtake the first i 
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6. A and B 165 miles distant from each other set out with a * 
design to meet; A travels 1 mile the first day, 2 the second, 

3 the third, and so on. B travels 20 miles the first day; 18 the 
second, 16 the third, and so on. How soon will they meet f 

Ans. They will be together on the 10th day, and continuing 
that rate of travelling, mey may be together again on the 33a 
day. Let the learner explain how this can take place. 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; the quantities of which are in arith- 
metical progression. The number of gallons of brandy and 
rum together, is to the number of gallons of rum and water 
together as 8 to 9. Required the quantities of each. 

Let X = the number of gallons of rum 

and y = the common difference. 

Then x — y, a?, and x -{- y will express the three quantities. 

8. A number consisting of three digits which are in arith- 
metical progression, being divided by the sum of its digits, gives 
a quotient 48'; and if 198 be subtracted from the number, the 
digits will be inverted. Required the number. 

9. A person employed 3 workmen, whose daily wages were 
in arithmetical progression. The number of days they worked 
was equal to the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 
the best workman received 28 shillings more than the worst. 
What were their daily wages ? 

Progression by difference is only a particular case of the 
series by difference, explained Arts. XL. and XLL All the 
principles and rules of it may be derived from the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules from those formulas. 
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Progression by quotient is a series of numbers such, that if 
any term be divided by the one which precedes it, the quotient 
is the same in whatever part the two terms be taken. If the 

20* 
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series ik iiicreiuiuig, the ^ttottentiivitl b^ jgMater thtt t^itf, if 
decreasing, the quotient vinll be less tinm uiiity. 

The foUowing series ere examples of tkis kbid bf [l!tgre»- 
sion. 

3, 6, 12, 24, 48 4ke. 

«, 34, '8, f, I, ^\. 

In the first the quotient (or ratio^ as it is gi^neriilly eaSOed,) ib 
^, in die second it is i, ^ 

Let a, 6, c, if, .... X;, I, be a series of this kind, end iet ^ re- 
present the qnotient. 

Then we have by the definition, 

ft c d c I 

a b c 3 *~ " J 

From these equations we derive 

ftrzdjr, c^bq, dz^cq^ ezizdq Iznkq. 

Putting successively the value of ft into that of c, and that of 
c into that of if, &c., they become 

b =^aq, c = ay", d^=ia^y c=za^y..».lz=zaq *~', 

designating by n, the rank of die term /, or the number of terms 
in the proposed progression. 

Any term whatever in the series may be found widioot find-* 
ing the intermediate ternis, by t!he formula 

Example. ^ 

What is the 7th term of the series 3, 6, 12, &c. ? 
Here a = 3, y = 2, and n — 1 = §. 

?=:3 X 2«=:192. jfw. 192. 
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VP^ BfNiy &ts6 fii^ the matk of tuy Aumber of teMns of t6e 

if W6 add the ^qmi&eiOB 

6 = a^, c = &9, d=icqj e = dq Izizkq, 

we obtain 

Observe that the first member is the sum of all the terms of 
the progression except die first, a, and the part of the second 
member enclosed in the parenthesis, is the sum of all die tenns 
e^ept the hst, i ; ancl this, multiplied by 9, 19 equal to the 
fin^ membeir. 

Now pitting fil fer the stioi of all the tefilis, tve buve 

J + c + d+c-l- l=z S — a 

a + b^c + d + e+.....k:z:S — l 

Hence we conclude that 

S — a:zz(S — l)qy 



which gives 



Srr£ 



I'^'tt 



q-l 



Examfik. 

What is the sum of sevf n terms ojf the series 

6, 15,^, &c. 



s = 


3X 3645 — 5 
3—1 


= 5465. 

• 


The two equation^ 






1 = 


ag*~'S andS = 


^ql — a 



4-1 
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contain all the relations of the five quantities a, Ij j, », and S; 
any three of which being given, the other two may be found. 
It would however be difficult to find n, without the aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until we have explained them. 

If we substitute a q^"^ in place of Z, in the expression of 5, it 
becomes 

,S- a(g'-l) , 

When q is greater than unity, the quantity q^ will become 
greater as n is made greater, and S may be made to exceed 
any quantity we please, by giving n a suitable value ; that is, 
by taking a sufficient number of terms. But if 9 is a fraction 
less than unity, the greater the quantity n, the smaller will be 

the quantity 5*. Suppose j = —., m being a number greater 
than unity, then 



m 



,n- I 



m* 



Substituting — in place of 5" in the expression of S, and it 



becomes 






1-1 



Changing the signs of the numerator and denominator, and 
multiplymg both by m, 

amil — l) am — fit am—Jt. 

O = ' T- ' ; ;; 

m — 1 m — 1 m — 1 ' 

It is evident that the larger n is or the more terms we take 



XLVn. Qeometricd Progression. 237 

in the progression, the snialler will be the quantity -^L^ aoi 



i»» 



am 



consequently the nearer the value of S will approach 

m — 1' 

from which it differs only by the quantity 

a 



But it can never, strictly speaking, be equal to it, for the 

quantity ?- — --. will always have some value, however 

(fii — l)wi* * 

large n may be ; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 



The quantity ^^ is therefore the limit which the sum 

m — 1 

of a decreasing progression can never surpass, but to which 

the value continually approximates, as we take more terms in 

the series. 

In the progression 

h h h h tV> &C' 

fl = 1 — = J. 
m 

Hence S = I2il — JL ^ = 2 — 



2 — 1 (2 — 1) X 2"-* 1 X 2"-' 

In this example the more terms we take, the nearer the sum 
of the series will approach to 2, but it can never be strictly 
equal to it. Now if we consider the number of terms inlSnitCs 

the quantity — will be so small that it may be omitted 

without any sensible error, and the sum of, the series may be 
said to be equal to 2. 

By taking more and more terms we approach 2 thus, 
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1 = 2 — 1 

J+4 =2 — i 

1+4+i =2-i 

l+i+i+* =2— i 

What is the sum of the series 1, i» \^ ^V' ^* ooittliMied to 
an infinite number of terms ? 

fl = l, — = 5 
m 3 

S =i2Uz=:|=lJ. 

2» What is the swn of the serips, 5| f , f , ^if , d£<c» oeatinoed 
to an infinite nuifiber of t^niis ? 

3. What is the sum of the following series continued to in- 
finity f 

4. What is the sum of the following series continued to in- 
finity ? 

208, 26, 3i, H» &«• 

h. What is the sum of the following series continued to in- 
finity ? 

6. WhUt ti!l the IXnh terih of the series 

9, 16, 48, &c.? 
7^ What is the simi of 8 tetms of the series 

35, 175, 875, &c. ? 

When litfe^ httmbetfi ate bi ^edtnetHiHU pwg g ifl Mfe t ij the 
middle term is called a mean proportional between the other 
two. 
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Let tiuiee ngn^rs, a, &, c, be in geometrical progiesaoD^ so 
that 

a __b 
T~T 

We have. ft*=a€ 

t 

and 6 = (a c) . 

8 Find n mean proportional between 4 and 9. 

4 X 

30" = 26 

a? = 6. An9. 6. 

9. FSnd a mean proportional between 7 9nd 10. 

10. Find a mean proportional between 2 and 3* 

XL VIII. Ijogatiihms. 

We have seen, Art^ XXXVIII, with what facility multiplica- 
tion, division, the raising of powers, and the extraction of roots 
may be performed on literal quantities consisting of the same 
letter^ by operating on the exponents. We propose now to 
apply the same principle, thoi^^h i9 a way a little different, to 
numbers. 

Multiplication, we observed, is performed by adding the ex- 
ponents, and division by subtsaclang the exponent of toe divisor 
Iroip that of the dividmd, 

Thus«?x«*i»«^ = «?. And —/Ka^ = (f. 
In ^ sttne manner 2^ x 2^ = ^f** = 2% 

and £=±2P-* = 2^. 

2* 

Let us make a table consisting of two columns, the first cpn- 
taim^g the difierent powers of 2, and die seccmd the exponents 
of those powers. 
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Observe first that a** = 1, so also 2* = 
2' = 8, 2* ==: 16, 2* = 32, 2" = 64, 2' 



TABLE. 



Powers. 


Ezpon. 


Powers. 


Ezpon. 


1 





128 


7 


2 


1 


256 


8 


4 


2 


512 


9 


8 


3 


1024 


10 


16 


4 


2048 


11 


32 


5 


4096 


12 


64 


6 


8192 


13, 



: 1, 2* = 


2, 2V= 4, 


= 128, &c. 


Powers. Ezpmi. 


16,384 


14 


32,768 


15^ 


65,536 


16 


131,072 


17 


262,144 


18 


524,288 


19 


1,048,576 


20 



Suppose now it is required to multiply 256 by 64. We find 
by the table that 256 is the 8th power of 2, that is 2", and that 
64 is 2\ Now 2^ X 2« = 2«+« =z 2". Returning^ to the table 
again and looking for 14 in the column of exponents, against 
it we find 16384 for the 14th power of 2. Therefore the pro- 
duct of 256 by 64 is 16384. 



This we may easily prove. 



256 
64 



1024 
1536 

16384 



Multiply 256 by 128. 



Finding these, numbers in the table in the column of powers, 
and looking in the odier column for the exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of exponents, 
we find against it in the column of powers, 32768 for the 15th 
power of 2, which is the product of 256 by 128. Let the 
learner prove this by multiplying 256 by 128. 

Divide 8192 by 32. 

Looking for these numbers in the column of powers, and for 
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the corresponding exponents, we find 8192 is the 13th power 
of 2, and 32 is the 5th power. 

2» 

Looking for 8 in the column of exp<Hients, and for its corre- 
sponding number, we find 256 for the 8th power of 2, or the 
quotient of 8 1 92 by 32. 

Divide 32768 by 512. 

The exponents corresponding to these numbers in the table 
are 15 and 9. 15 — 9 = 6. In the column of exponents, 6 
corresponds to 64, which is the true quotient cf 32768 by 512 

What is the 3d power of 32 ? 

The exponent corresponding to 32 is 5. Now to find the 

'3d power of a* we should multiply the exponent by 3, thus 

a«X3 = a". So the third power of 2» is 2«x» =2'*- Against 

15 in the column of exponents we find 32768 for the 15th 

power of 2. Therefore the 3d power of 32 is 32768. 

What is the 2d power of 128 ? 

The exponent corresponding to this number is 7. 7x2 = 
14. The number correspondmg to the exponent 14 is 16384, 
which is the second power of 128. 

What is the 3d root of 4096 f 

The exponent corresponding to this nuiaber is 12* 

The 3d root of 2" i« 2 '^' = 2*. 

The number cwresponding to the exponent 4 is 16, which 
is tfie 3d root of 4096. 

What is the fourth root of 65,536 ? 

The exponent corresponding to this number is 16, which 
divided by 4 gives'for the exponent of the root 4, the number 
corresponding to which is 16. The answer is 16. 

21 
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Examples* 

1. Multiply 612 by 256. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by 256. 

4. Divide 262,144 by 128. 
6. Divide 1,048,576 by 512. 

6. Divide 524,288 by 131,072. 

7. What is the 2d power of 1024 ? 

8. What is the 3d power of 64 f 

9. What is the 5th power of 16 ? 

10. What is the 2nd root of 262,144 ? 

11. What is the 3d root of 262,144 f 

12. What is the 4th root of 1,048,576 ? 

13. What is the 5th root of 1,048,576 ? 

14. What is the 6th root of 262,144 ? 

The operations of multiplication, division, and the extrac- 
tion of rootsarevery easy by means of this table. This table 
however contains but very few numbers. But an exponent of 
2 may be found for all numbers from 1 as high as we please. 
For 2^ = 2, and 2' = 4. Hence the exponent of 2 answering 
to the number 3 will be between 1 and 2 ; that is, 1 and a 
fraction. So the exponents answering to 5, 6, and 7, will be 2 
and a fraction, &c. 

XLIX. A table may also be made of the powers of 3, or of 
4, or any other number except 1, which shall have the same 
properties. Exponents might be found answering to every 
number from 1 upwards. 

3^ = 1, y = 3, 3* = 9, 3*=:27,&c. 

The column of powers will always consist of the numbers 1, 
2, 3, &c. but the column of exponents will be different accord- 
ing as the numbers are considered powers of a different nunir 
ber. 
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• « 

The formula a'=:y will apply to every table of this kind. 
. If any number except 1 be put iii the place of a, and v be 
made successively 1, 2, 3, 4, a suitable value may be found for 
Xy which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value be given 
to 0?; for all powers, as well as all roots of 1, are 1. 

But if any number greater than 1 be put in the place of a, y 
may equal any number whatever, by giving x a suitable value. 

Giving a value to a then, we begin and make y successively 
1, 2, 3, 4, <&c. and these numbers will form the first column or 
columns of powers in the table. Then we find the values of 
X corresponding to these values of y, and write them in the se- 
cond column against the values of y, and these form the colunm 
of exponents. These exponents are called logarithms. The 
firdt column is usually called the column of numbers, and the 
second, the colunm of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
IS made base at first, must be continued through the table. 

Observe that a® = 1 ; therefore whatever base be used, the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 
for a^ =ia.' 

The most convenient number for the base, and the one ge- 
nerally used in the tables, is 10. 

10° = 1, 10* = 10, \(f = 100, 10' = 1000, 10*= 10000, 
10* = 100000, 10* =r 1000000, «a5. 

Now to find the logarithm of 2, 3, 4, &c. 

Make 10* = 2, 10* = 3, 10* = 4, &c. 

For all numbers between 1 and 10, xmust be a Section, be- 
cause 10® = 1 and 10* = 10. 

Make x z=i — , then it becomes 

10* =2. 

As the process for finding the value of 2r in this equation is 
lone and rather too difficult for young learners, we will suppose 
it already found. 
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— = ^103 very nearly. 



30 1 tS 



Hence lo^^^^^^ = 2 very nearly. 

To understand thin, we must suppose 10 raised to the 30103d 
power, and then the 100000th root of it taken, and this will 
differ very little from 2. The number .30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logaridun of 2, we may find the logarithm of 4 
by doubling it, for 2* = 4. That of 8 = 2' is found by tri- 
pling it, and so on. 

The logarithm of 4 is .30103 X 2 = .60206. 

The logarithm of 8 is .30103 X 3 =: .90309. 

The logarithm of 16 is .30103 X 4 = 1,20412, to. 

Again 10^^^^^**^^ = 3 very nearly. 

Hence the logarithm of 3 is .4771213. 

Since 2 X 3 = 6, the logarithm of 6 is found by adding the 
logarithm of 2 and 3 together. 

.30103 + .4771213 = .7781513 = logaritfmi of 6. 

Since 3* = 9, the logarithm of 9 is found by multipl}ning that 
of 3 by 2. With the logarithms of 2 and 3 the logaritmns of all 
the powers of each, and of all the multiples of the two may be 
found. 

The logarithm of 5 may be found by subtracting that of 2 
from that of 10, since 5 = y. The logarithm of 10 is 1. 

1 — .30103 = .69897 = log. of 6. 

Now all the logarithms of all the multiples of 2, 3, 5» and 10 
may be found. Hence it appears that it is necessary to find 
the logarithms of the prime numbers, or such as have no divi- 
sor except unity, by trial ; and then the logaridims of all the 
compound numbers may be found from them. 

The decimal parts of the l<x?aritluii8 of 20, 30, Sec. are the 
same as those of 2, 3, 4, &c. For, since the logarithm of 10 is 
1 ; that of 100, 2 ; that of 1000, 3, fcc., it is ewdent that add- 
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ini these logarithms to the logarithms of any other numbers, 
'wiu not alter the decimal part. Hence 1 added to the loga- 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, &c. 

Log. 2 =r .30103, log. 20 = 1.30103, log. 200 =: 2.30103, 
log. 2000 = 3.30103. 

The logarithm of 25 is 1.39794 ; that of 250 = 25 x 10 is 
1 + 1.39794 = 2.39794; that of 2500 = 25 X 100 is 2 + 
1.39794 = 3^39794. 

The logarithms of all numbers below 10 are fractioris, those 
of all the numbers between IQ and 100 are 1 and a fraction ; 
those of all numbers between 100 and 1000 are 2 and a frac- 
tion ; those of tdl numbers between 1000 and 10000 are 3 and a 
fraction. That is, the whole number which precedes the fraction 
-in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the index or 
characterisiie of the logarithm. Thus in the logarithm 2.3576423, 
the figure 2 is the characteristic showing that it is the loga* 
rithm of a number consisting of three figures or between 100 
and 1000. 

As the characteristic may always be known by the number, 
and the number of figures in a number may be known by the 
characteristic, it is usual to omit the characteristic in the table, 
to save the jroom. It i»useful to omit it too, because the same 
fractional part, with^ different characteristics, fcNrms the loga- 
rithms of several different numbers. , 

The logarithm of 37 is 1.568202. 

tl. = 3.7 = = lO*^'- 

10 10 

The logarithm of 3.7 is .568202, which is the same as that 
of 37, witih the exception of the index. 

^22£ = 37.62 = Zl = lo"'"^*- 

100 10* 

?Z5? = 3.762 = l^;^ _ i^7ui9, 
1000 10* 

21* 
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That is, bU numbers which are tenfold, the one of Ae other, 
have the same logarithm. 

376200 has for its logarithm 5.575419* 

37620 « '^ 4.575419. 

3763 " « 3.575419. 

376.2 " 2.575419. 

37.62 " 1.575419. 

3.762 « 0.575419. 

When a number consists of whole numbers and decinmi 
parts, we find the firactional part of the logarithm in the same 
manner as if all the ^gures of the number belonged to the 
whole number, but we give it the index corresfionmng to the 
whole number only. 

In most tables of logarithms they are carried as far as seven 
decimal places. Some however are only carried to five or six. 
The disposition of the tables is something different in different 
sets, but they are generally accompanied with an exjdana- 
tion. When one set of tables is well understood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms* They are used here 
as far as six places. 



Examples. , 

1. Multiply 43 by 25. 

Find 43 in the column of numbers, and against it in the co- 
lumn of logarithms you will find 1.633468, and against 25 you 
will find 1.397940. Add these two logarithms together and 
their sum is the logarithm of the product. 

log, 43 ... . 1.^33468 

« 25 ... 1.997940 



u 



1075 . . . . 3.031408 



Find this logarithm in the column of logarithms, and against 
it in the column of numbers you find 1075 which is the product 
of 43 multiplied by 25. The index, 3, shows that the number 
must consist of four places. 
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Let the learner prore the results at first by actual multipli- 
cation. 

2. Multiply 2520 by 300. 

By what was remarked above, the logarithm of 2520 is the 
same as that of 252 with the exception of the index, and that 
of 300 is the same as that of 3 except the index. 

Find the number 252 in the left hand column, and against it 
in the second colunm you find .401401. The number 2520 con* 
sists of four places, therefore the index of its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 

log. 2520 .... 3.401401 

** 300 .. . 2.477121 



(( 



756000 .... 5.878522 



Find this logarithm, and against it in the column of numbers 
you will find 756 ; but the index 5 shows that the number 
must consist of 6 places ; therefore three zeros must be annex- 
ed to the right, wWh makes the nmnber 756000, which is the 
product of 2520 by 300. 

3. Multiply 2756 by 20. 

^To find the logaritiun of 2756, find in the column of num- 
bers 275, and at the top of the table look for 6. In the co- 
lunm under 6 and opposite 275 you find .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. 

log. 2756 • . . 3.440279 
"20 . . . 1.301030 



« 55120 . . . 4.741309 

Looking in the table for this logarithm, against 551- you will 
find .741152 and against 552 you will find .741939. The lo- 
garithm .741309 is between tl^se two. Against 551, look 
along in die other columns. In the column under 2 you find 
the logarithm required. The figures of the number,, then, are 

* In some tables the whole number 2756 may be found in the left hand co- 
lumn. 
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5512, but the characteristic being 4, the number must consfist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 2756 by 20. 

4. Divide 756342 by 27867. 

Both these numbers exceed the numbers in the tables, still 
we riiall be able to find them with great accuracy. First find 
the logarithm of 756300, which is 5.878694. llie difference 
between this logarithm and that of 756400 is 58. The differ- 
ence between 756300 and 756400 is 100, and the difference 
between 756300 and 756342 is 42. Therefore, if yVV = -42 
of 58 be added to the logarithm of 756300, it will give the lo- 
garithm of 756342 sufficiently exact, 58 X .42 = 24, reject- 
ing the decimals. 5.878694 + 24 = 5.$78718. The 58, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be. 
regarded in taking mese parts. It is sufficient to add them to 
their proper place. 

The table generally furnishes means of taking out this loga- 
rithm more easily. As the differences do not dflen vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal as 
possible, the nearest number being used, rejecting the decimal 
parts) and one part is set against 1, two parts against 2, <&c. in 
a colunm at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
tV of 58,) we look at these parts and against it we find 23, and 
for the 2 (for which we must take yf^ of 58,) we find 11. But 
11 is /^, consequently to obtain yf^ we must take -j^ of 11 
which is 1, omitting Uie decimal. The operation may stand 
thus: 

log. 756300 6.878694 

tV of diff. 23 



tIt 



1 



log. 756342 5.878718 

To find the logarithm of 27867, proceed in the same manner, 
first finding that of 27860, and then adding y\ of the difference, 
which will be found at the right hand, as above. 



L. 



LogariAms. 



S4d 



loff. 27860 4.444981 
^T dSar. 109 



log. 27867 4.445090 

From log. dividend 5.878718 
Subt. log. of divisor 4.445090 

log. of quotient 27.141 1.433628 

We find the decimal part of this logaritnm is between 
.433610 and .433770, the tormer of which belongs to the man* 
ber 2714, and the latter to 2715. Subtract 433610 fi^m 
433628, the remainder is 18. Looking in the cokumi of parts, 
the number next below 18 is 17, which stands against 1 or y\ 
of the whole difference. 

Put this 1 at the right of 2714, which makes 27141. The 
chtfracteristic 1 shows that the number is between 10 and 100. 
llierefore the quotient is 27.141. This quotient is correct to 
three decimal places. 

If the table has no column of differences, take the whole 
difference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, annexing one or more zeros. 
One place must be given to the quotient for each zero. 

1801160 
16ol .1 



5. What is the 3d power of 25.7 ? 

log. 25.7 
Multiply by 3 



log. 



16974.6 



Ant. 



1.409933 
3 

M.I.J 

4.229799 
16974.1 



6. What is the 3d rootof 15 ? 
log. 15 

log. 2.46621 



1.176091 (3 



.392030 
Ans. 2.4662+- 



L. Since a fi^action consists of two numbers, one for the nu- 
merator and the other for the denominator, the logarithm of a 
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fraction must consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the dencHninator, to 
express this operation on the logarithms, that of the den(»nina- 
tor must be represented as to be subtracted from the nume^ 
rator. 

The logarithm of f is expressed thus : 

log. 3 — log. 5 = 0.477121 — 0.698970. 

The logarithm of a fraction whose numerator is 1, may bt 

expressed by a single logarithm. For JL, is the same as a^. 
If we would express the logarithm of i ,for example , 
10.*'7»» = 3, consequently J-^„j,, = 10--*'^^"* = J. 

That is, the logarithm of ^ is the same as the logarithm of. 5, 
except the sign, which for the fraction is negative. Any frac- 

tion may be reduced to the form — , but the denominator will 



a* 



consist of decimals or still contain a fraction. , 

^ If 1.666+* 

If the subtraction be actually performed, on the expression of 
this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. 

0.477121 — 0.698970 = — 0.221849. 

The number correspondmg to the logarithm 0.221849 is 1.666 
+9 but the sign being negative, shows that the number is 



1.666 + 

The logarithms of all common fractions may be obtained in 
either of the above forms, but they are extremely inconvenient 
in practice. The first on account of its consisting of two loga- 
rithms would be useless as well as inconvenient; because 
though we might find a logarithm corresponding to any Sec- 
tion, yet in performing operations, a logarithm would never be 
found in that form when it was required to find its number. 



V 
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The second foim is inconvenient because it is negative, and 
also' because in seeking the number corresponding to the loga- 
rithm, a fraction would frequently be found with decimals in 
the denominator. It would be much better that the whole 
fraction should be expressed in decimals. If the fraction is 
used in the decimal form, the logarithms may be used for them 
almost as easily as for whole numbers. 

Suppose it is required to find the logarithm of .5 or y'^. 

log. 5— log. 10 =0.698970^ 1. =— 1 + .698970. 

Suppose it is required to find the logarithm of .05 or xf 7. 

1 (\,99W10 — S4.M6970. 

log. 6 — log. 100 = 0.698970 — 2 = — 2 +.698970. 

The logarithms of 10, 100, 1000, &c, always being whole 
numbers, we have the two parts distinct. The logarimm of .5 
is the same as that of 5 except that it has the number 1 joined 
to it with the sign — , which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 also is the same, 
except that — 2 is joined to it. That is, the logarithm of the 
numerator is positive, and that of the denominator negative. 

This negative number joined to the positive fi^ctional part, 
serves as a characteristic, and is a continuation of the principle 
shown above ; thus 



The log. 


500 is 


2.698970 


<< a 


50 


1.698970 


a u 


5 


0.698970 


it it 


.5 


1 .698970 


it ti 


.05 


2'.698970 



The logarithm of a decimal is the same as that of a whole ' 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the fraction ; being — 
1 when the first figure on the lefl is tenths, -— 2 when the first 
is hundredths, &c. It is convenient to write the sign over the 
characteristic thus, X, ~2l &c. It is not necessary to put the 
sign + before the fractional part, for this will always be un- 
derstood to be positive. 
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. In operating upon these nombers, the same rules nuist be ob- 
served as in other cases where numbers »re found connected 
with the signs -f- and — -. 

When the first figure of the Auction is tenths^ the character- 
istic is 1, when the first is hundredths, the characteristic is ~^ 
&rC. 

The log. o( .25 is log. 25 — log. 100 

= 1.397940—2 = — 2 + 1.397940 =T.397940. 

This is the same as the logarithm of 25, except that the eha- 
racteristicT shows that its first figure on the left is lOths, or 
one place to the right of units. 

Multiply 325 by.23. 



log. 32& . • . 
log. .23 ... 


2.511883 
T.361728 


4 

log. 74.75 Ant. 


1.873611 


Multiply 872 by .097. 




log. 872 

log. .097 . . . 


2.940&16 
"t^86772 


loR. 84.584 Ans. 


1.927288 



In adding the logarithms, there is 1 to carry from the deci- 
mal to the units. This one is positive, because the decimal 
partis so. 

Multiply .857 by .0093 

log. .857 . . . T.932981 

log. .0093 . . . T.968463 

log. .0079701 Aw. . • "T901464 

Divide 75. by .025. 

- log. 76 . . . 1.8750i51 

log. .026 . . "5:397940 

log. 3000 win*. . . . 2.477121 



I« mkUm^ui^ the aegtcins qiMntitir in to bfi 94464» m in 
olfribrtic quabtiiiei. 

XHvide 2t5 by .047. 

log. 275 2.4S9688 

kg. .047 "1:679098 

log. dSdUO? 4n$. . . . 3.7$7335 
Divide .076 by 830. 

log. .076 1B808H = T + K880814 
log. 830 2:919078 



r.iW-wa«>^^^W 



log. .0000915662 J^. ^961736 

In order to be able to take the eecoadl fron the fot» I change 
the characteristic T into T + 1 which has the same value: 
This enables me to take 9 from 18, that is, it furnishes a ten to 
borrow for the last subtraction of the positive part. In sub- 
tracting, the characteristic 2 of the second logariihm becomes 
negative and of coorae must be added to the other negative. 

Divide .735 by .088. 

log. .735 . . T866287 

log. .038 . . 2.579784 



p***^-^**- 



log. 19.3422 Jlns. . 1.286503 

What is the 3d power of .25? 
log. .25 . • T.387940 



log. 0.015625 Jim. T + 1.1^93820 ^ "£19^6^. 

What is the third root of 0.015625 f 

The logarithm of this number is "lil 93820. This chacac^r- 
istic "^ cannot be divided by 3, neither can it be joined with 
the iir^t dacimal %ai^ ip^ the logarithm, because of the diffisr- 
ent siga. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part mere 
was 1 to carry, which was positive, and after the multiplication 
was completed, the characteristic stood thus, X + 1 which was 

22 
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aftefwards reduced to T Npw if we addT + 1 to the Tin 
the preseiit instance, it will become T + 1, and at the same 
time its Talue will not be altered. The nesative part of the 
c^iaracteristic will then be divisible by 3, and the 1 b^oig posi- 
tive may be joined to the fractional part. 

log. .016625 1:193820 = T + 1.193820(3 

log. .25 Jlns. T397940 

In aU cases of extracting roots qffractionSf «f Ae negative chor 
raderistic is not divisible by the number expressing Ae rooty it must 
be made so in a similar manner. 

If the characteristic were T and it were required to find the 
fifth root, we must add T + 2 and it will become T + 2. 

What is the 4th root of .357 ? 

log. .357 "r.552668 = T+ 3.552668(4 

log. .77294 Jhis. "T888147 

Any^ common fi-action may be changed to a decimal by its * 
logarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the fraction to a decimal 
previous to taking it. 

It is required to find the logarithm of ^ corresponding to i 
expressed in decimals. . 

The logarithm of 2 being 0.3010S,that of i will be — 0.30103. 

Now — 0.30103 = — 1 + 1 — .30103 

= — 1 -I- (1 — .30103) ="i:69897. 

The decimal part .69897 is the log. of 5, and — 1 ia the log. 
of 10 as a denominator. Therefore T69897 is the log. of 
*5 = J. 

Reduce f to a decimal. 

log. 5 0.69897 = — 1 + 1 .698970 

log. 8 0.90309O 

log. 0.625 = f Ans. —.796880 



L« Lagariihmi. 256 

When there are several multiplicatioiis and divisions to be 
peifonhed together, it is rather more convenient to pwfom tlie 
whole by ^multiplication, that is, by adding the- looi^thftisv 
This mav be effected on the following princmle. '^ divide 
by 2 is tne same as to muhipty by i or •&• Dividing by 5 is 
the same as multiplying by | or .2, be. 

Suppose then it is required to divide 435 by 15. Instead of 
dividing by 15 let us propose to multiply by t'j. First find the 
logarithm of fy reduced to a decimal. 

log. 1 isO=: — 2+2.000000 

log. 15 subtract 1.176091 



log. j^j in form of a decimal 3.823909 

log. 435 add 2.638489 

log. 29 = quotient of 435 by 16 1.462S38 

The log. of tV viz. 2;823909 is called the Aritkmetk Comple- 
ment of the log. of 15. 

TJie arithmetic complement is found by nibiracting the lo^arMm 
of the number from the logarithm of\^ umch is zero^ but which may 
always be rmresented 6y T -f- 1, "2* + 2, fyc. It must always be 
represented by such a number that Ae logarithm of the number may 
be subtracted from Ae positive part* That w, it must always be 
equal to the charaeteristte of the logarithm to be subtracted^ plus 1 } 
fir 1 must always be borrowed from it^ from vMch to smiHract the 
fractional part. 

It is required to find the value of o:^ in the following equa- 
tion. 



( 85 X 28 X 56.78 \^ 
387 X 3.896 / 



ftW '^bvPM^ U 



IM.S5 I.M«M8 

]d#. M«9& 1.754195 

log, SS.d9d 0.46179^ " «" TdSeSOl 



«— « 



SSK 



1.695911 
3 

6.«e7733(5 

lag. 10.4133 very tK»ajrly ^swer 1.017546 

I multiply by 3 to find the 3d power, and divide by 5 to ob- 
jlaui the 5th root. 

Ll. There is an expedient generally adopted to avcnd the 
negative characteristics in the E)garithni8 of decimals^ I shall 
explain it and leave the learner to use the method he likes the 
best. 

1. Multiply 353 by .37. 

log. .37 T.5682Q2 

log. 353 2.403121 



log. 93.61 nearly answer 1. 971033 

bslead of using the logarithm 1^8202 in its prosent form, 
mid 10 to its charaeteristic and it becqmes 9^68202. 

log. .37 9.868202 

log. 253 2.403121 

11.97132$ 
Subtract 10. 



log. 93.61 as above. ' 1.971323 

In this case 10 was added to one of tile numbers and alker- 
WBxds subtracted 6om the remit ; of course the answer must 
be the same. 

2. Multipdy .023 by .976. 
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fske out tlie logarithiiis of these numbers and add 10 to 
each characteristic. 

log. .033 &361728 

log. .976 9.989450 

18.351178 
Subtract 20 



log. .0224473 nearly ans. d.351178 

We may observe that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, &.c. 
That is, the place of the first figure of the number reckoned 
from the decimal point correspojMls to what the characteristic 
falls short of 10. Whenever m adding, the characteristic ex- 
ceeds 10, the ten or tens may be cnnitted and the unit figure' 
only retained; 

In the first example, one number only was a firaction, viz. 
.37. In adding, the characteristic became 11, and omitting 
the 10 it became 1, which shows that the product is a number 
exceeding. 10. 

In the second example both numbers were firactions, of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became 18. Now instead of subtracting both tens or 
20, it is 6irfBij2ent to subtract one of them, and £e.eimracteris- 
tic 8, which is 2 less than 10, shows as well as 2* would do, 
that the product is a fraction, and that its first figure .must be 
in the second place of firactions or hundredth's place. 

If three firactions were to be multiplied together, there would 
be three tens too much used, and the characteristic would be 
between 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product to be a firaction, and 
show the place of its first figure. 

3. What is the 3d power of .378 ? 

log. .378 .... 9.577492 
Multiply by 3 

28.732476 
log. .05401 nearly ans. 8.732476 

22* 
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Mulfaihriiig by 3 i» tflie «Bafe m atiAig <i(» g w ribft mme to 
itself. The characteristic becomes 38, bul^Mnlttls|; tvve afftbb 
t€)iM4(H'2Qi it becomes 8, which shows it to be the ^garitbm of 
a faction whose first place b hundredths. 

if it is required to find the 3d root of a fimction, it is easy to 
see, that iiaving taken out the logarithm of the fiction, it will 
be necessary to add twq tens to me ch a ra c ter i stic, for it is then 
consid^ired the third poWer of some other fitustion, and in rais- 
ing the fraction to thatipower, two tens would be subtracted. 

In the last example the logarithm of the power is 8.73247C; 
but in order to take its 3d root^ it will be necessary to add i^ 
two tens which were omitted. 

For tiie second root oniB ten must be previously added, and^ 
lor the Iburdi root, three tens, dbc. 

4. What is the 3d root of .027 ? 

log. .027 8^31S§4 

or copsideied as a 3d power 98.431364 {3 

log. .3. wiw. r . 9.477121 

' 5. What is the 2d root of .0016 ? 

leg. «OO10 . 7.^04120 

or emsidered a second power 17.2M1M (2 

U^,A>4. Jhu. 8.602060 

In dividing a whole number by a fraction, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor. If both are fractions llie ten m the 
one cancels it in the other; and if the dividend only is a firac- 
tion, the answer will of course be a less fiction. Consequent- 
ly in division the results will require no alteration. 

6. Divide 57 by .018. 

log. 57 . l.T5§875 

log. .018 . . 8.255272 

log. 3166.7 nearly ans. 8.500603 



\ 



LL 
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Here in subtractiaf 1 4mppo«e 10 to lie added to the first 
cbaiacteristic, and s^y 8 from 11, <lkc. 



7. Divide ,2172 by ,006. 

log- .2172 
log. .006 



9.396860 
7.778161, 

1.658709 



In taking ik^ arithmetical com^emenl^ the logarithm of Ibe 

jiumber may be subtracted inunediately from 10^ Tb9 Iqga* 

rithm of 2 being .301030, ite arithmetical complemfjWt is 

T698970. Adding 10 it becomes 9.698970. It would be the 

same if subtracted immediateiy fivm 10 thus 10 301030 

= 9.698970. 

8. It is required to find the yakie of x in the following ex- 
pression : 

f 



— _llil^73 X .07i 
112 






3b^ 

log. 13.73 1.137670 

log.^ .0706 6.84888$ 

k^. .2§3 9.403121 i)j4th.Com. 0.596879 



wrt 



8iim 



Product by 3 



-^ 



Quotient by 2 
log. 17 

log. 112 2.049218 Aritfa. Com. 

» 



9. 



lng.#x= *1« 19635 nearly 
find the vKJiie lof ir in ihe Iblkmig ^etpiaftioiKi 

_ /38.47 X •463\* 



<)4&833&4 
3 

1.760Q68 (2 

0«3«l(»l 
1.230449 
7.^0T82 

O.0M962 



'=(?. 



wiy:m 
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10. X = ^* '^^ ^ ^0065\* 



,, 26 

11. X = 



( 872 X .Qoes y 
.038X4686/ 

, ■ ■ ■ • ■ — — — ^ 

476 



(873 \ / 278 y 
966 / * \1973/ 



12. 38* = 683. 

Observe that the 2d power of 38 is found by multiplyiiig the 
logarithm of 38 by 2, the 3d power by multiplying it by 3, dbc. 
which will give the logarithm of the result. Hence we have 
the following equation; the logarithm of 38 being 1.679784 
and that of 683 being 2.766669. 

' - XX 1.679784 = 2.766669 

x=:?l?555^ = 1.76066+ . 
1.679784 

The valne of x is found by dividing one logarithm by the 
other in the same manner as other numbers. It might be done 
by logarithms if the tables were sufficiently extensive to take 
out the numbers. By a table with six places an answer cor- 
rect to four decimal places may be obtamed. 

«In taking out the logarithms the right hand figure may be 
omitted without affecting the result in the first four decimals. 

log. 2.76667 0.441794 

log. 1.67978 . . 0.198688 

log. X = 1.76064 + 0.243206 

13. What is the value of a? in the equation 1637* = 62 f 
This gives first 1637 = 52*. 

This may now be solved like the last 

lAL Questions rdaiing to Cang^aund interest. 

It is required to find what any given principal p will amount 
to in a number n of years, at a given rate per cent r, at com- 
pound interest. 

Suppose first, that the principal is $1, or i£l, or one. unit of 
money of any kind. 
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The interest of I lor one year is \ ^ ^ or dhnjAy t', if f is 

considered a decimal. The amount of I £» one year tken, 
will be 1 + **• The amount ofp dollars will be p (1 -{- r). 

For the second year, p f 1 4- r) will be the plincipal, and the 
amount of 1 being (1 4- r)) ^^ amount of ji (l + r) will be p 
(l+r)il^r)oTp{l+ry. 

Fot &e third yearp (1 + r)' being the principal, the amount 
will be|i(l + r)* (1 + r) orp (1 + r)'. 

For A years then, the amount will be p (1 + r)*. 

Putting A for the amount, we have 

This eqoation contains four quantities, wf, p, r, and n, any 
three off which being given, the other jHHiy be CnukL 



Lofuitfams will save much labour in calculatioajn of this 
kind. 

Exompies. 

1. What will $753.37 amount to in 5| years, at 6 per cent, 
compound interest f 

Here p = 763.37, r = .06, and n = 6f • 

log. 1 -f r s= 1 .06 0.025806 

n= 5| 



■•■-»■ 



0.0031631 
3 

0496530 



log. (1+r)^ .... 0.136020 

log. 753.37 . . • 2.Q77008 



i*Ni- 



log. $1030.467 dfffi#. 3.013Q3B 
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2. What principal put at interest will amount to $5000 in 
13 years at 5 per cent, compound interest i 

By the above fonnula 



' 0+r)- 
log. 1 + r s= l.OS 


0.021189 
13 


- 


063567 
21189 


. Subtract 
log. A = 5000 From 


.275457 
.3.698970 


log. f == 12661.60 nearly Am. 


3.4^3513 



3. At what rate per cent must $878.57 be put at compound 
interest, that it may amount to $500 in 5 years i 

Solving the equation .4 =p (t + r)*^ making r the uidmowo 
quantity, it becomes 

. -'=.(f)'' 

log. ^ = 500 . . . . 2.698970 

log. jp = 378.57 .... 2.578146 



Dividing by n =: 5 0.120824 (5 

log, (r +1) = 1.05722 0.024165 

Consequently r = 0.05722 Am. 

4. In what time will $284.37 amount to 750 at 7 per cent? 

Making n the unknown quantity, the equation wS =:|» (1 -}- r}* 
becomes 

log. ~ =: n X log. (1 + r), and 
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log,(l+r) 

log. wi = 750 . . . 2.876061 

log. p = 284.37 . . . 2.463881 



log. — 0.421180 

P 
log. 1 -f r = 1.07, is 0.029384 

log. 0.421180 9.624467 

log. 0.029384 .... 8.4681 1 1 



log. n = 14.334 nearly An$. 1.156356 

5. What will be the compound interest of $947 for 4 yean 
and 3 mont^is at 5 J per cent. ? 

6. What will $157.63 amount to in 17 years at 4| per cent.? 

7. A note was given the 15th of March 1804, for $58.46, at 
the rate of ,6 per cent, compound intereist ; and it was paid the 
1 9th of Oct. 1823. To how much had it amounted f 

8. A note was g^yen the 13th of Nov. 1807, for $456.33, and 
was paid the 23d of Sept. 1819. The sum paid was $894.40, 
What per cent, was allowed at compound intf^rest f . 

9. In what time will the principal p be doubled, or become 
2p, at 6 per cent, f^ompound interest } In what time will it 
be tripled f . 

JVoie. In order to solve the above question, "^nt 2 p in the 
place of .^ for the first, 3p for the second, and find the value 
of». 

The principles of compound interest will apply to the follow- 
ing questions concerning the increase of population. 

10. The number of the inhabitants of the United States in 
A. D. 1790 was 3,929,000, and in 1800, 6,306,000. What rate 
per cent, for the whole time was the increase ? What per 
cent, per year ? 
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11. Suppose the rate of increase to remain the same for the 
next 10 years, what would b^ tlie number of inhabitants in 
1810? 

12« Ju tka same rate, in what time would tk^. number of m- 
habitaota l«a ^doubled after 1 800 f 

13. The number of inhabitants in 1610 by the census was 
7,240,^0. What was the annual rate of increase ? 

14. At the above rate, whi^ w<ould be the number in ISSO f 

15. At Ike above rate, in what time would the number in 
1810 he doubled.^ ^ 

16. The number of inhabitants by the census of 1820^ was 
0^63a,00<K Wbat Miasdie annua) rate of tncieiGise from 1810 
to 1820? 

17. At the same rate, what is the number in tOQb ? 

18. At die same rate, what will be the nmidber 'm 1830 ? 

19. At the samp r^j in what time will th^ number in 1820 
be doubled ? 

20. In what. time will the number in 1820 be tripled ? 

21. When wiH die mmiber of ihhalntants, by the rate of the 
last census, be 5D»900,P0O? 



LIU. 1. Suppose a man puts $10 a year into the savings 
ipH foi? ]t5 yiE|ai;fi, aod t^ the xate of interest wluQh the bad^ 
i^jible p^ diifMS .annually i^ $ pec cent. How much money 
will he have in the bank at the end of die 15th year ? 

4 

: Suppose (^ ::^ th^smx put in aimually, 
. r ^ Ae f^^te of ii^tei^ati. 
'^ q:; tilft tjme, , ' 

ji ?a; the Mn^ouDtf . . 

According to the tibove nde of compound interest^ the sun 
a at first deposited will amount to a {r + 1)<; that deposited 
the second year will amount to a (r -f- 1)^' ; that deposited 
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the third year will amount to a{r + lY^; that deposited the 
last year will amount to a (r + 1)*. Hence we have 

Jl =:z a{r +iy + a{r + l)"^' + a{r+ ly^ ....a{r+l) .... 
= «[(r + iy + (r+irV+(r+l)*^....(r+l)J 

But (f + 1)S (r -I- 1)*"*, &c. is a geometrical progression, 
whose largest term is (r 4- 1)S the smallest r -^ l^ and the 
ratio r + 1. The sum of this progression, Art. XLVIL is 

(r + 1) [(r + ly- 1] 



Hence A = ^iL±i)J(l+ lilzJ. 

r\ 

Th^ same result may be obtained by another course of rea- 
soning. 

The amount of the sum a for one year is a -f- ^ ^* Adding 
a tb this, it becomes 2 a -{- ar. 

The amount of this at the end of another year is 2 a -^ a r 
+ 2ar + ar*, or 2a'\'Sar-\'ar^. Adding a to this it 
becomes 

The amount of this for 1 year is 

3a + 3ar + ar* + 3ar + 3ar* + ar*, 

= 3a-f-6ar + 4ar* + ar'*, 

= a (3 + 6 r + 4 r* + r*). 

This is the amount at the end of the third year before the 
addition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3 -f- 6 f* + 4 r^ 
4- r* may be rendered the 4th power of 1 -f n The three last 
coefficients are already right. If we add 1 to the quantity it 
becomes 

MukipLy this by r and it becomes 

4 r +- 6 r* M- 4 r' + r\ 
23 
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Add I again and it becomes 

1 + 4 r + 6 y + 4 r* + y^. 
This is now the 4th power of 1 -|- r, and it may be written 

(1 -H ry. 

Subtract the 1 which was added last, and it becomes 

(l+r)«-l. 

Divide this by r, because it was multiplied by r, and it be« 
comes 

(l+r)«— 1 

r 

Subtract 1 a^ain, because 1 was added previous to multiply- 
ing by r; and it becomes 

(l+rV— 1 _ J ^ (l+r)«— (l+r) _ (1 +r) [(1+r)'— 1] 

>• r r 

Substitute t in place of the exponent 3, and multiply by a, 
and it becomes 

aQ-t-O [(l+r>-l] ^ ^ 
r 
which is the same as before. 

The particular question given above may now be solved by 
logarithms, using this formula. 

log. (1 + r) = 1.06 . . . 0.021189 

Multiply by t = 16 . • 16 

106946 
•21189 



log. (1 + r )" = 2.079 , . .317835 

Subtract ) 1 



log. 1.079 . . • 0.033021 

log. (1 + r) • . . . . 0.021189 



• I •:• I I 



lo^. a = 10 . . . . 1. 

Arith. Com. log. r = .06 . . 1.301030 



Jw*, $226.59 .. , . . 2.366240 
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2. A man depoedted annually $50 in a bank from the time 
his son was bom, mitil he was 20 years of age ; and it was 
taken out, together with compound interest on each deposit at 
3 per cent, when his son was 21 years of age, and given to him. 
How much did the son receive ? 

3. How much did the bankers gain by receiving the money, 
supposing they were able to employ it all the time at 6 per 
cent, compound interest ? 

4. A man has a son 7 years old, and he wishes to give him 
^000 when he is 21 years old ; how much must he deposit 
annually at 4 per cent, compound interest, to be able to do it ? 

5. If a man deposits in a bank annually $35, in how long a 
time will it amount to $500 at 6 per cent, compound interest ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 50, 
and that 50 had been brought each year for 100 years, and the 
rate of increase 3 per cent. How many would there have been 
in the country at the end of the hundred years f 

• LIV. Annuities. 

1. A man died leaving a legacy to a friend in the following 
manner ; a sum of money was to be put at interest, such that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fiilfil the above 
condition f 

■0 

9 

Let the leamer generalize this example and form a rale ; and 
then solve the following examples by it. 

2.^ A man wishes to purchase an annuity which shall afford 
him $300 a year so long as he shall live. It is considered 
probable that he vnll live 30 years. What smn must he de- 
posit v[\ the annuity ofilice to produce this sum, supposing he 
can be allowed 3 per cent, interest ^ 

N. B. The principal and interest must be exhausted at the 
end of 30 years 
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3. If the man mentioned in the last exompie shoiild die at 
the end of 18 years, horn much would the annuity ccMnpajDj 
gttinf 

4. If he we?e to live 43 years, how much would the company 
lose ? 

5. A man purchases an annuity for life, on the supposition 
that he shall live 45 ^ars, for $15000, and is allowed 4 per 
cent, interest. How much must he draw annually that the 
whole may be e^austed ? 

6. A man has property to the amount of 1^35000, which 
yields him an income of 5 per cent. His annual expenses are 
$5000. How long will his (nroperty last him i 

7. The number of slaves in the United Stat;es in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
the number at present, 1825, allowing the rate of increase to 
be the same ? 

8. There is a society established in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be emancipated as fast as this society can transport 
them away ; how many must be sent away annually, that^ihe 
number may be neith^ increased nor diminished i 

9. How many must be sent away annually that the country 
may be cleared in 100 years ? 

10. If the colonization is not commenced till the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be sent away annually, that tfie 
number remaining may continue the same i 

11. How many must then be sent away annually, that the 
country may bj^- cleared of them in 100 years f 

MiactJlanex^m Examples. 

1. An express set out to travel 240 miles in 4 days,* iMit in 
consequence of the badness of the roads he found tfiat he must 
go 5 miles the second day^ 9 the third, and 14 the fourth, iess 
than the first. How many miles must he travel each day i 



JiSscdlaneous Examples. 269 

2. Two workmen received the same stim for their labour ; 
but if one had received .27 Nshillings more and the other 19 
shillings less, then one woold have received just three times as 
much as the other. What did they receive f 

3. Two persons, A and B worked together, A worked 15 
and B 18 days, and they received equal sums for their work. 
But if A had worked 17^ and B 14 days, then A would have 
received ^5 shillings more than B. W hat was the daily wages 
of each ? 

4. Two merchants entered into a speculation, by which one 
gained 54 dollars more than the othen The whole gain was 
49 dollars less than three times the gain of the less What 
were the gains ? 

5. A man bought a piece of cloth for a certain sum, and on 
measuring it, found that it cost him 8 dollars, but if there had 
been 4 yards more, it would have cost him only $7 per yard. 
How many yards were there ? 

6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the other by 3, the quotients may 
together l^ equal to 10. 

7. A farm of 864 acres is divided between 3 persons. C has 
as many acjpes as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. How many acres had 
each } 

8. There are two numbers in the proportion of i to f , the 
jSrst of which being increased by 4 and the second by 6, they 
vvdll be in the proportion of f to J; What are the numbers } 

^9. A punier has a stack of hay, from which he sells a quan- 
tity, which 19 to the quantity remaining in the proportion of 4 
to 5. He then uses 15 loads, and finds that he has a quantity 
lefi, which is to the quantity sold as 1 to 2. How many loads 
did the stack at first contain } 

10. There are 3 pieces of cloth, whose lengths are in the 
proportion of 3, 5, and 7 ; and 8 yards being cut ofi* from each, 
the whole quantity is diminished in the proportion of 15 to 11. 
What was the length of each piece at first? 

11. The number of days that 4 workmen were employed 
were severally as the numbers 4, 5, 6,7 ; their wages were the 

23* 
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: same, viz. 3 shillings, and the sum recei?ed by the first and 
second was 36 shillmgs less than that received by the third and 
fourth. How much did each receive ? 

12. There are two liumbers, the greater of which is three 
times the less ; imd the sum of their second powers is£ve times 
the sum of the numbers. What are the numbers f 

13. What two numbers are those, of which the less is to the 
greater as 2 to 3 ; and whose product is six times the sum of 
the numbers ? * 

14. There are two boys, the difference of whose ages is t0 
their sum as 2 to 3, and their sum is to their product as 3 to 5. 

• What are their ages i 

15. A detachment of soldiers from, a regiment being ordered 
to march on a particular service, each company furnished 4 
times as many men as there were complies in the regiment; 
but these being found insufficient, each company furnished 
three more men, when their number was found to be increased 
in the proportion of 17 to 16. How many companies were 
there in the regiment ? 

16. Find two numbers which are in the proportion of 8 to 5, 
and whose product is 360» 

17. A draper bought 2 pieces of cloth for $31 .45, one being 
50 and the other 65 cents per yard. He sold each at an ad- 
vanced price of 12 cents per yard, and gained by the vrhole 
$6.36. What were the lengths of the pieces f 

18. Two labourers, A and B, received $43.85 for their vyages; 
A having been employed 15, and B 14 days; and A received 
for worlung four days $3.25 more than B for 3 days. What 
were their daily wages ? 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per gallon, and a quantity of turn exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I fmd that I 
paid one shillmg more for the brandy than for the mm. How 
many gallons were there of each ? 

20. Two persons, A and B, have each an annual income of 
$1200. A spends every year $120 more than B, and at the 
eod of 4 years the amount of their savings is equal to one yeai!s 

^ ihcc»ne of either. What does each spend annually ? 
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21. In a naval engagement, the number of diips ti^en was 
7 mcMe, and ilie numl^r burnt was 2 fewer, than the number 
sunk ; 15 escaped, and the fleet consisted of 8 times the num* 
ber sunk. Of how many did the fleet consist f 

32^ A cistern is flUed in 50 minutes by 3 pipes, one of wUch 
conveys 10 gallons more, and the other 8 gallons less than the 
third, per minute. The cistern holds 1820 gallons. How 
much flows through each' pipe per minute ? 

23. A &rm of 750 acres is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting 10 
acres ; and the shares of A and B are to each other in the 
proportion of 7 to 3. How many acres has each ? 

24. A certain sum of money being put at interest for 8 
months, amounts to $772.50. The same sum put out at the 
same rate for 15 months amounts to 792.1875. Required 
the sum and the rate per cent. ^ . 

25. From two casks of equal size are drawn quantities which 
are in the proportion of 5 to 8 ; and it appears that if 20 gal- 
lons less had been drawn from the one which now contains the 
less, only | as much would have* been drawn from it as from 
the other. How many gallons were drawn from each f 

26. There are two pieces of land, which are in the form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion of 6 to 11, and the adjacent sides of the less 
are in the proportion of 3 to 2. The whole distance round the 
less is 135 yards sreater than the longer side of tiie larger 
piece. Required the sides of the less, and the longer side of 
the greater. 

27. A person distributes forty shillings amongiA fifty people, 
giving some 9d. and the rest 15d. each. How many were 
there of each ? 

28. Divide the number 49 into two such parts, that the fpio* 
tient of the greater divided by the less, may be to the quotient 
of the less divided by the greater as | to |. 

29. A person put a certain sum to interest for 5 years, at 6 
per cent, simple interest^ and found that if he had pit out die 
same sum for 8 years at 4 J per cent, he would have received 
$60 more. . What was the sum put out ? 
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30. A regiment of miUtta containing 830 men is lobe raued 
from three ttiwi», A, B, and C. The contis^ents ot A and B 
are in the proportion of 3 to 5 ; and of B and C in the ffopor- 
tion of 6 to 7. Required the numbers raised by each. 

31. At what time between 6 and 7 o'clock are the hour and 
nuniite hands of a watch together ? 

32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if thenumber be divided 
by the sum of the digits, the quotient mil be 4 ; but if the digits 
be inverted and that number divided. by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 

». ' 

33. There is a fracti<»i whose mimerator being tripled, and 
the den^Moiinator diminished by 3, the value becomes f ; but if 
the denominator be doubled and the numerator increased by 
2, its value becixnes |. Required the fraction* 

34. A merchant bought a hogshead of wine for j^lOO. A 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent, on the cost of it, 
equal to twice the number of gallons which leaked out. How 
many gallons did he lose f 

35. There are two pieces of cloth, differing in length 4 
yards ; the first is worm as many shillings per yard as the se- 
cond contains yards ; the second is worth as many shillings per 
yard as the first contains yards ; and both pieces are worth 
£72, 10s, How many yards does each contain f 

36. A merchant bought a piece of cloth for $180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
per cent. Re^qpiired the number of yards. 

37. There are two rectangular pieces of land, whose leng^ 
axe to each other as 3 : 2, and surmces as 5 : 3 ; the nnatler one 
is 20 rods wide. What is the width of the other ? 

38. Tliere is a cistern to be filled with a pump, by a man 
and a boy working at it alternately ; the man would do it -in 
1 5 hours, the boy m 20. They filled it in 16 hours 48 minutes. 
How long did each work ? 

39. In a bag of money there is a certain number of eagles, 
as many quarter eagles, f the number of half eagles, tog^her 
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with dollars IsufBcient to make up the number of coins 6<]pial to 
} of the value of the whole in dollars ; and the number of ea- 
gles and dollars diminished by 2, is half the number of coins. 
What is the number of coins of each sort ? 

40. Suppose a inan owes $1000, what sum shall he pay 
daily so as to cancel the debt, principal and interest, at the end 
of a year, reckoning it at 6 per cent* simple interest ? 

41. A merchant bought two pieces of linen cloth, containing 
together 120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him in 
only I as ^uch as the other. How many yards were there in 
each piece ? 

43. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met lui express going at the same rate 
as themselves, who met the criminal 2 hours and 24 min. be- 
fore. In what time from the commencement of the pursuit will 
they overtake him ? , 

43. A and B enter into partnership with a joint stock of 
$900. A's capital was employed 4 months, and B's 7 months, 
when the stock and gain were divided, A received $612, and 
B $469. What was each man's stock i 

44. A gentleman bought a rectangular lot of valuable land, 
giving 10 dollars for every foot in the perimeter. If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $33 less; and if he had bought a 
square piece of the same pernneter he would have had 12i rods 
more. What were the lUmensions <^ the piece he bought i 

45. A and B put to interest sums amounting together to 800 
dollars. A's rate of interest was 1 per cent more than BVr, 
his yearlv interest | of B's ; and at the end of 10 years his prin- 
cipal and simple interest amounted to f of B's. What sum was 
put at interest by each, and at what rate f 

46. Two messengers, A and B, were despatched at the same 
time to a place 90 miles distant ; the former of whoAn ridinj[ one 
mile an hour more than the other, arrived at the end of his joitf* 
ney an hourbefore him. At what rate did each travel per hout ? 

4T. A and B lay out some money on speculation. A ms- 
poses of his bargain for $11, and gains as much per cent, as B 
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lays out ; B's gain is ^36, and it appears that A sains four 
times as much per cent, as B. Reqwred the capital of each ? 

48. A and B hired a pasture, into which A put four horses, 
and B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired i 

49. A vintner draws a certain quantity of wine out of a iiill 
vessel that holds 256 gallons ; and then filling the vessel with 
water, draws off the same quantity of liquor as before, and so 
on for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time ? 

50. Three merchants, A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by j^80. A's 
share of the gain was j^60, his contribution to the stock was $17 
more than B's. B and C together contributed $325. How 
much did each contribute i 

51. A grocer sold 80lb. of mace and lOOlb. of cloves for 
£65 ; but he sold 60 pounds more of cloves for £^0 than he 
did of mace for £10. what was the price of a pound of each i 

52. A and B, 165 miles distant from each other, set out with 
a design to meet. A travels one mile the first day, two the 
seccmd, three the third, and so on ; B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will' they meet i 

53. A and B engage to reap a field for $20 ; and p A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found howeiver that they were obliged to call in C to as- 
sist them for the two last days, in c<»sequence of which, B re- 
ceived f of a dollar less than he otherwise would have done. 
In what time could B or C alone reap the field i 

54. A mercer bought a piece of silk for $54 ; and the num- 
ber of shillings which he paid for a yard was ^ of the number 
of yards. How m&ny yards did he buy, and wlmt was the 
price of a yard. '^ 

' 55. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each wheel be increased one yard, it will make only 4 revo- 
lutions more than the hind wheel in the same space. Requir- 
ed the circumference of each. 
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66. There are three numbers, the difference of whose differ- 
ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Required the numbers, n 

57. From two towns, C and D, two travellers, A and B^ set 
out to meet each other ; and it appeared that when they nlet, 
B had gone 35 miles more than | of the distance that A had 
travelled ; but from their rate of travelling, A expected to 
reach C in 20f hours ; and B to reach D in 30 hours. Re* 
quired the distance from C to D. 

58. Two men, A and B, entered into a speculation, to which 
B contributed $15 more than A. After four months, C was 
admitted, who added $50 to the stock ; and at the end of 12 
months from C's admission they had gained $159; when A 
withdrawing received for principal and gain $88. What did 
he originally subscribe ? 

59. The number of deaths in a besieged garrison amounted 
to 6 daily ; and allowing for this diminution, their stock of pro- 
visions was sufficient to last 8 days. But on the evening of the 
sixth day, 100 men were killed in a sally, and afterwards the 
mortality increased to 10 daily. Supposing the stock of pro- 
visions unconsumed at the end of the sdxUi day to support 6 
men for 61 days ; it is required to find how.l(»ig it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. 

60. There was a cask containing 20 gallons of brandy ; a 
certain quantit v of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first 
cask was filled with the mixture. It now appears that if 6% 
gallons of the mixture be drawn off from the first into the se- 
cond cask, there will be equal quantities of brandy in each. 
Required the quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the distance 
of 396 miles, two persons, A and B, set out at the same time, 
and meet witfi each other, travelling as many days as are equal 
to the difference of the number of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
miles did each travel per day ? 

62. A tailor bought a piece of cloth for $200, from which 
he out 5 yards for his own use^ and sold the remainder for 
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^175, gaining 75 cents per yard. How many yards xrerc 
there, and wnat did it cost him per yardf 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required the dimensions of the field. 

64. A man travelled 96 miles, and then found that if he had 
travelled 2nules faster per hour, he should have been 8 hours 
less in performing the same journey. At what rate per hour 
did he travel f 

65. A regiment of soldiers, consisting of 900 men, is formed 
into two squares, one of which has 6 men more in a side than 
the other. What is the number of men in a side of each 
square? 

66^ A and B travelled on the same road and at tlie sanie 
rate fi'om Huntingdon to London. At the 50th mile stone 
from London, A overtook a drove of geese which wc^re pro- 
ceeding at die rate of three miles in two hours ; and two 
hours afterwards met a stage waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of 
geese at the 45tli mile stone, and met the same stage waggon 
exactly forty minutes before he came to the 31st mile stone. 
Where was B when A reached London ? 

67. Two men, A and B, bought a farm consisting of 200 
acres, for which they paid $200 each, On dividing the land, 
A says to B, if you will let me have my part in the situation 
which I shall choose, you shall have so much more land than I, 
that mine shall cost 75 cents per acre more than yours. B ac- 
cepted the proposal. How much' land did each have, and 
what was the price of each per acre ? 

68. A person bought two cubical stacks of hav for 4 IX ; each 
of them cost as many shillings per solid yard as there were yards 
in a side of the other, and the greater stood on more eround than 
the less by 9 square yards. What was the price of each ? 

69. Two partners, A and 'B, dividing their gain $60 B 
took $20 ; As money was in trade 4 months, and if the num- 
ber 50 be divided by A's money, the quotient will give the 
number of months that B's money, which was $100, continued 
in trade. What was A's mcmey, and how long did B's c<mi- 
tinue in trade .«^ 

• END, 
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CoBmrrCs First Lessons^ or. Intellectual ArMtneiic. 

THE merits of this little work are so well known, and so hi^hl^ appreciat- 
ed ill BosUm and its vi6inity, that any recommendation of it is unnecessary, 
•zcept to those parents and teachers in the country, to whom it has not been 
introducf d. To such it may be interesting and important to be informed, that 
the system <^ whicli this work gives the elementary principles, is founded on 
this simple maxim ; that, ckildren should b» instruetea in every science, just so 
fast as tkey can understand it. In conibrmity with this principle, the book 
commences with examples so simple, that they can be perfectly comprehended 
and performed mentally by chiMren of four or five years of a^e ; having per- 
formed these, the scbouir will be enabled to answer the more difficult questions 
which follow. He will find, at every stace of his progress, that what he has 
already done has perf^ly pr^»ared him &r what is at present required. This 
will encourage him to proceed, and will afford him a satisfiiction in his study, 
which van never be etgoyed while perfonniag the merely meehanical operation 
of ciphering according to artificial rules. 

This meSiod entirdy supersedes the necessity of any rules, and the^ book 
contains none. The aoholar learns to reason correctly respecting all combina- 
tions of numbers ; and if he reasons correctly, he must obtain the desired re- 
sult. The scholar who can be made to understand how a sum should be done, 
%Beds neither book nor instruoter to dictate how it must be done. 
. This admirable elementary Arithmetie introduces the scholar at once to that 
simple, practical svBtODi, which accoids with the natural operations of the hu- 
maq mind. Ail tnat is learned in this way is precisely what will be found es- 
sential in tranaaoting the ordinikry business of life, and it jwepares the way, in 
the best possiUe manner, fer the more abstruse investigations which belong to 
maturer age. Children <>f five 4>r six years of age will be able to make consi- 
derable progress in the science of numbers by pursuing this simple method of 
studying it, and it will uniformly be found that this is one of the most useful 
and interesting sciences upon which, their minds can be occupied. By using 
this work children may be farther advanced at the age of nine or ten, than they 
can be at the age of fourteen or fifleen by the common method. Those who 
have used it, and are r^carded as competent judges, have uniformly decided 
that more can be leamea fiwm it in one year, than can be acquired in two years 
firom any other treatise ever published in America. Those who regard econo- 
my in time and money, cannot fkil of holding a work in iug^ estimation which 
wUl afford these important advantages. 

Colbum's First Lessons are accompanied with such instructions as to the 
proper mode of using them, as will rslieve parents and teachers from any em- 
barrassment. The sale of the work has been so extensive that the publishers 
have been enabled so to reduce its price, that it is, at once, the cheapest and 
the best Arithmetic in the country. 



Improved School Boohs. 
Colbum^s Sequd. 

THIS work consists of two parts, in the first of which the author has given a 
great variety of questions, arranged according to the method pursued in the 
First Lessons ; the second part consists of a few questions, with the solution of 
them, and such copious illustrations of the principles involved in the examnles 
in the first part of the work, that the whole is rendered perfectly intelligiole. 
The two parts are designed to be studied together. The answers to the ques- 
tions in the first part are given in a Key, which is publi^ed separately for 
the use of instructers. If the scholar find any sum difficult, he must turn to the 
principles and illustrations, given in the second part, and these will furnish all 
the assistance that is needed. 

The design of this arrangement is to make the scholar understand his subject 
thoroughly, instead of per^rming his sums by rule. 

The First Lessons contain only examples of numbers so small, that they can 
be solved without the use of a slate. The Sequel commences with small and 
simple combinations, and proceeds gradually to the more extensive and varied, 
and the scholar will rarely have occasion for a principle in arithmetic which is 
not fully illustrated in this work. 



Colbunt*s Introduction to Algebra. 

THOSE who are competent to decide on the merits of this work consider it 
equal, at least, to either of the others composed by the same author. 

The publishers cannot desire that it snould have a higher commendation. 
The science of Algebra is so much simplified, that children mav proceed with 
ease and advantage to the study of it, as soon as they have finisned the preced- 
ing treatises on arithmetic. The same method is pursued in this as in the au- 
thor's other works ; every thing is made plain as he proceeds with his subject. 

The uses which are performed by this science give it a high claim to more 
general attention. Few of the more abstract mathematical investigations can 
be conducted without it ; and a great proportion of those, for which arithmetic 
is used, would be performed with much greater facility and accuracy by an al- 
gebraic process. 

The stud^ of Algebra is singularly adapted to discipline the mind, and give it 
direct and smiple modes of reasoning, and it is universally regarded as one of 
the most pleasmg studies in which the mind can be engaged. 



